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(Transmission) Zeros and poles of a rational
matrix

G(s)=C(sl - AY'B+D, poutputs, minputs
Basic assumption:
normal rank[G(s)] =min(p,m) =r

Smith-McMillan form of G(s)
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- Thetransmission zeros arethe roots of (s), i=1,2,...,r

- The(transmission) polesaretherootsofy (s), i=1,2,...,r



Example
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Thereis onetransmission zero at s=3 and two polesin s=2 and s=5.



Rank property of transmission zeros

Theorem 1

The complex number | isatransmission zero of G(s) iff there exists
polynomial vector z(s) such that z(l )* 0 and

i lim G(s)z(s)=0 if p3m
fs® |

: lim G(s)'z(s)=0 if p£m

fs® |

Remark
In the square case (p=m), it follows

6 e (s)
det [G(s)]= 12—
Q y i(s)

so that it is possible to catch all zeros and polesif and only if there are not
cancellations.

Proof of the theorem
Assume that p3 m and let M(s) be the Smith-Mc Millan form of G(s), i.e. G(s)=L(s)M(sS)R(s) for suitable polynomial
and unimodular matrices L(s) (of dimension p) and R(s) (of dimensions m). It is possible to write:

. RN
M (g = EEY )

e a
where E(s)=diag{g(s)} and Y (s)=diag{y i(s)}. Now assume that | is a zero of the polynomial e (s). Recall that R(s) is
unimodular and take the polynomial vector z(s)=[R(5)]«, i.e. the k-th column of the inverse of R(s). Since y (I )1 0, it
follows that G(5)z(s)=L (S)E(S)Y "X(s)R()z(S)=L(S)E(S) [Y “*()]x= L(S[E(S)]«/Y k (=[L(S)]kex (S)/y « (5). This quantity
goesto zeroas stendsto |l . Vice-versy, if z(s) issuch that G(s)z(s) goesto zeroas stends to |, then the limit as s tends
tol of E(1)YY(s)R(I)z(l ) being zero meansthat at |east one polynomial g(s) should vanishat s=1.
The proof inthe opposite case (p£m) follows the same lines and therefore is omitted.



Example
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it follows

Iim G(s)z(s) =0
s® 1

Notice that it isnot true that G(s)z(1) tends to zero as stends to one. .



Time-domain characterization of transmission
zeros and poles

Let S=(A,B, C,D) be the state-space system with transfer function
G(s)=C(sl-A) 'B+D. Let S¢=(A¢CEBEDY the “transponse” system whose
transfer function is G(s) ¢=Bdsl-Ad*Ce+D¢ Now, let

2,y _1G(s) p3m
pEm G(S)_}G(s)' pEm

Finaly, let d'(t) denote the i-th derivative of the impulsive “function”.

Theorem 2

AN
(@) The complex number | isapoleof Siff the exists an impulsive input

u() = § a,d'(1)

i=0

such that the forced output yi(t) of Sis

y.(t) = y,e'';, "t30

(b) The complex number | is a zero of S iff the exists an
exponential/impulsive input

u(t) =us,e'*+§ adi(t), u,* 0
i=0

such that the forced output y:(t) of Sis

y, (t) =0, "t3 0

Zexros blocking property. The proof of the theorem is not reported here for space limitations.



| nvariant zeros

Given a system (A,B,C,D) with transfer function G(s)=C(sl-A)*B+D, the
polynomial matrix

ésl - A - Bu
P(s) =g g
e C D §

is called the system matrix.

Consider the Smith form S(s) of P(s):

éu(s) 0 - 0 Ou
€0 a9 - 0 oY
e 2 u
S(s)=¢€ : : : :U
e u
& 0 0 an(s) Ou
g 0 o - 0 Of

a,; divides ai, 1.

Theinvariant zeros are the roots of aj(s), i=1,2,...,n

Notice that
_éd - A Oué&sl - A)* O uéd - A - By
P(s)=¢ (e (g {

so that the rank of P(s) isv =n+rank(G(s))



Rank property of invariant zeros

Theorem 3

The complex number | isaninvariant zero of (A,B,C,D) iff P(s) looses
rank in s=| | i.e. iff there exists anonzero vector z such that

I

.:.P(I z=0 if p £ m

i

i.P(I)z:O if p3 m

Noticethat if T isthe transformation for a change of basis in the state-space, then

FT(S)_ ésl - K - B_l:J_ éT Ol;léSI - A _ Bl:[]éT-l 0[;]
gc_ DH%O g cC DHg‘O |H

Therefore, the invariant zeros are invariant with respect to a change of basis.

Proof of Theorem 3

Consider the case P m and let P(s)=L(5)(S)R(s), where R(s) and R(s) are suitable polynomial
unimodular matrices. Hence, if P(I )z=0 for some 2 0, then (I )R(I )z=0 so that S(I )y=0, with y* 0.
Hence, | must be the root of at least one polynomial ai(s). Vice-versa, if ax(l ) for some k, then
z=[R(1)]« issuch that P(I )z=L(1 )S( )R(I )z= L(1 )S(1 )R()[R (1 )]k=L(1 )[S(! )]«=O0.



Time-domaln characterization of invariant zeros

Let S=(A,B, C,D) be the state-space system with transfer function
G(s)=C(sl-A) 'B+D. Let St=(A¢C¢BEDY the “transponse” system whose
transfer function is G(s) ¢=Bqsl-A¢ ™ C¢+D¢ Now, let

~ 1S p3¥m A 1G(s) p3¥Im
S=i.. G(s)=1 ~,.\

1S pEm 1G(s) pEmMm
Theorem 4

The complex number | is an invariant zero S iff a leat one of the two
following conditions holds:

A\
(i) | isan eigenvalue of the unobservable part of S .
(i) there exist two vectors Xy and ug! 0 such that the forced output of S
corresponding to the input u(t):uoeI © 130 and the initia state
X(0)=xq isidentically zerofor t3 0.

Zeros blocking property. The proof of the theorem is not reported here for space limitations.



Trasmission vsinvariant zeros

Theorem 5

(i) A transmission zerois also an invariant zero.

(ii) Invariant and transmission zeros of a system in minimal form do
coincide.

Proof of point (i). Let p®> mand let| beatransmission zero. Then, there exists an
exponential/impulsive input

n

s .
ut) =use" + g a;d” (t) such that the forced output is zero, i.e.

i=0

t . n ' N
y, (t) = C(‘)B’““”Béjoe” +a aid(')(t)gudt +Duge'' =0,t >0 | etting
0 i=0

&, U
e,

x0=[B AB ... A ]e u|tfoIIows
e

&,
t
Ce™'x, +Cg"""'Bu,€e' dt +Du,e'' =0,t>0

sothat | isan invariant zero. The proof in the case p£m is the same, considering the transponse
system.

Proof of point (ii). Let p> m. We have aready proven that a trasmission zero is an invariant zero.
Then, consider a minimum system and an invariant zero | . Hence Av+Bw=| w, Cv+Dw=0. Notice
that wt O since the system is observable. Moreover, thanks to the reachability condition there exists
avector

o

('D>('D> D> @
>
ocoooc

én i

Sincel isan invariant zero there exists an initial state x(0)=v and an input u(t)=we'*, such that
t
CeMv+ C(‘jeA(t")Bwe" dt +Dwe' =0,t>0

By noticing that Cev = Ce‘“a ABa, = (f:eA(t t)Ba a,d®()dt | itfollows,

i=0 =0

CcFA(tt)BéJ e't+aad(')(t)tpt+Du0 =0,t>0, which means tha | is a

=0
trransmlss on zero.



Decoupling zeros

ésl - Ay
Pe(s)=¢g o g Pa(s)=[sd- A -B]
e u

Associated Smith forms

S (s) = ghad {;f<s>}g Se(s) = |dag fa,°(9)} o]
e u

The output decoupling zeros are the roots of a;(s) a;%(s)... an(s), the
input decoupling zeros are the roots of a;°(s) a,>(s)...an"(s) and the input-
output decoupling zeros are the common roots of both.

Lemma

(i) A complex number | is an output decoupling zero iff there exists
Z* 0 such that Pc(l )z=0.

(i) A complex number | is an input decoupling zero iff there exists

w? O such that Pg(l )&wv=0.

(i) A complex number | isan input-output decoupling zero iff there
exist z1 0 and w? 0 such that Pc(l )z=0, Pg(l )én=0.

(iv) For square systems the set of decoupling zeros is a subset of the
set of invariant zeros.

(V) For square invertible systems the transmission zeros of the inverse
system coincide with the poles of the system and the invariant
zeros of the inverse system coincide with the eigenvalues of the
system.



|nfinite zero structure

Mc Millan form over the ring of causal rational matrices

Given the transfer function G(s) there exists two unimodular matrices in
that ring (bi-proper rational functions) such that

, o
G(s) :V(s)gMéS) ij/v(s), M (s) = diag{s ® 5%, -, s ]
e u

wheredy, dy, ..., d; areintegers such that d,£ d,£...£ d.. They describes the
structure of the infinity zeros.

Inversion
Model matching

Example: compute the finite and infinite zeros of:

és+1 s+1
s-1 s-1
s+1

G(S) = - -
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PARAMETRIZATION OF STABILIZING
CONTROLLERS

Summary

- BIBO stahbility and internal stability of feedback systems

- Stabilization of SISO systems. Parameterization and
characterization of stabilizing controllers

- Coprime factorization

- Stabilization of MIMO systems. Parameterization and
characterization of stabilizing controllers

- Strong stabilization



Stability of feedback systems

d
r e l u y
"O—x C8) | —O—» P >

The problem consists in the analysis of the asymptotic stability
(internal stability) of closed-loop system from some characteristic
transfer functions. Thisresult is useful also for the design.

THEOREM 1
The closed loop system is asymptotically stable if and only if the
transfer matrix G(s) from the input to the output

ér U @(@) eeu
& aif

Is stable.

(I +P(C(s) ™ - (I +P(s)C(s)) "P(s)t

é
= Tl +COPE)ICE (1 +CEPE) g



Stability of interconnected SI SO systems

The closed loop system is asymptotically stable if and only if the
three transfer functions
C(s)

R(S) = H(s)= — )
1+ C(s)P(s)’ 1+ C(s)P(s)

9= C(9)P(3)’

are stable.

- Notice that if §s), R(s), H(s) are stable, then also the
complementary sensitivity

T(s) =

COPES _; o
1+ C(s)P(s)
IS stable.

- The stability of the three transfer functions are made to avoid
prohibited (unstable) cancellations between C(s) and P(s).

Example
Let C(9)=(s-1)/(stl), P()=1/(s1) . Then S(s)=(stl)/(st+2),
R(S)=(s-1)/(s+2) e H(S)=(s+1)/(S+5-2)



Comments

The proof of Theorem 1 can be carried out pursuing different
paths. A simple way is as follows. Let assume that C(s) and P(s)
are described by means of minimal realizations C(s)=(A,B,C,D),
P(s)=(F,G,H,E). It is possible to write a realization of the closed-
loop system as S¢=(A¢,Bc,Ce,De). Obvioudy, if Ay is
asymptotically stable, then G(s) is stable. Vice-versa, if G(s) is
stable, asymptotic stability of A, follows form being
Sc=(Aa,Bc,Ce,De) @ minimal realization. This can be seen
through the well known PBH test.

In our example, it follows

At_éO - 20 e Lo _é-l 0 u D_él Ou
&1 -1 _ee:l Og _31-23’ - &
es+1 - (s+1D o 5 1 .

u

s+2 s- 1)(s+2)4 ™ . 0 '
G(9=e3" 2 ( S)+( 1 ), > s D(s+2) ;
esv2  se2 g c o0 ek

Hence, A is unstable and the closed-loop system is reachable and
observable. This means that G(s) is unstable as well.



Parametrization of stabilizing controllers
1° case: SISO systems and P(s) stable

'
r e u

» C(S) »() q P(s) >

THEOREM 2
The family of all controllers C(s) such that the closed-loop system
Is asymptotically stableis:

-
1- P(9Q(S)

where Q(S) is proper and stable and Q(¥)P(¥) * 1.



Proof of Theorem 2

Let C(s) be a sabilizing controller and define
Q(9)=C(9)/(1+C(s)P(s)). Notice that Q(s) is stable since it is the
transfer function from r to u. Hence C(s) can be written as
=Q(s)/(1-P(5)Q(s)), with Q(s) stable and, obviously, the stability
of both Q(s) and P(s) implies that Q(¥)P(¥)=C(¥)/(1+C(¥)P(¥))
11,

Vice-versa, assume that Q(s) is stable and Q(¥)P(¥)! 1. Define
C(9)=Q(9)/(1-P(5)Q(9)). It results that

(8)=1(1+C(s)P(s))=1-P()Q(9),
R(5)=C(s)/(1+C(s)P(s))=Q(9),
H(s)=P(s)/(1+C(g)P(s))=P(s)(1-P(s) Q(s))

are stable. This means that the closed-loop system is
asymptotically stable.



Parametrization of stabilizing controllers
2° case:. SISO systems and generic P(s)

It is always possible to write (coprime factorization)

N

"= e

where N(s) and M(s) are stable rational coprime functions, i.e.
such that there exist two stable rational functions X(s) e Y(9)
satisfying (equation of Diofanto, Aryabatta, Bezout)

N(s)X(s)+ M(s)Y(s) =1

THEOREM 3
The family of all controllers C(s) such that the closed-loop system

Iswell-posed and asymptotically stableis:

_ X(5)+ M(5Q(5)
Y(9)- N(9QS

C(s)

where Q(s) is proper, stable and such that Q(¥ )N(¥) * Y (¥).



Comments

The proof of the previous theorem can be carried out following
different ways. However, it requires a preliminary discussion on
the concept of coprime factorization and on the stability of
factorized interconnected systems.
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LEMMA 1

Let P(S)=N(s)/M(s) e C(5)=N.(9)/M.(s) stable coprime
factorizations. Then the closed-loop system is asymptoticaly
stable if and only if the transfer matrix K(s) from [r¢ddc¢to [z¢

Z{4¢is stable.
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Proof of Lemmal
Define four stable functions X(s),Y (s),X<(S),Y «(s) such that

X(N(9)+Y(sM (s) =1
X (9N (9) + V(M () = 1

To proof the Lemma it is enough to resort to Theorem 1, by
noticing that the transfer functions K(s) and G(s) (from [r¢ddcto
[eCud( arerelated asfollows:

_eY(s) X (Su é
‘9% x99 ve99 e

gl Oy 0 - Ny
~ I+’\ 7
e u e

0 1z &N 03

Cc

G(s) =



Proof of Theorem 3

Assume that Q(s) is stable and Q(¥)N(¥) * Y(¥). Moreover,
define C(s)=(X(s)+M(9)Q(9))/(Y (s)-N()Q(9)). It follows that

I=N(9)X(9)+M(8)Y (8)=N(8)(X()+M(5)Q(8))+M(8)(Y (5)-
N(s)Q(s))

so that the functions X(s)+M(S)Q(s) e Y (s)-N(s)Q(s) defining C(s)
are coprime (besides being both stable). Hence, the three
characterist transfer functions are:

S(8)=1(1+C(g)P(s))=M(s)(Y (5)-N(5)Q(8)),
R(5)=C()/(1+C(s)P(s))=M()(X () +M(8)Q(9)),
H(s)=P(s)/(1+C(s)P(5))=N(s) (Y ()-N(s)Q(s))

Since they are all stable, the closed-loop system is asymptotically
stable aswell (Theorem 1).

Vice-versa, assume that C(S)=N(s)/M(s) (stable coprime
factorization) is such that the closed-loop system is well-posed
and  asymptotically  stable. Define  Q(9)=(Y (S)N(9)-
X(M(9)/(M(s)M(S)+N(S)Nc(s)). Sincethe closed-loop system
Is asymptotically stable and (N.,M.) are coprime, then, in view of
Lemmal it follows that

Q(S) = (Y (SINc(9)-X(S)M((9))/(M()M(8)+N(S)N(S)) =
=[01K(9)[Y (5)¢X (s)d ¢

Isstable. Thisleadsto
C(9)=(X()+*M(9)Q(8))/(Y (5)-N(5)Q(9))-

Finaly, Q(¥)N(¥) ! Y (¥), ascan be easily be verified.



Coprime Factorization
1° case: SISO systems

Lemma 1 makes reference to a factorized description of a transfer
function. Indeed, it is easy to see that it is always possible to write
a transfer function as the ratio of two stable transfer functions
without common divisors (coprime). For example

_ s+1 ~ 1

&(8) = (s- D(s+10)(s- 2) NEM(S)
with

N(s) = 1 CM(S) = (s- 1)(s-2 2)

(s+10)(s+1]) (s+1)

It results

N(s)X(s)+ M(s)X(s)=1
with

_ 4(16s- 5)’ Y(s) = (s+15)

X(9 (s+1) (s+10)



Coprime Factorization
1° case: MIM O systems

In the MIMO case, we need to distinguish between right and left
factorizations.

Right and | eft factorization

Given P(s), find four proper and stable transfer matrices such that:
P(s) = Ny(s)M4(8) = M () "N(s)

Ny(s), My(s) right coprime X;(s)Ny(s)+ Yy(M(s) = |
Ny(s), M(s) left coprime Ny(s) X,(s)+ M(s)Y,(s) = |

Double coprime factorization
Given P(s), find eight proper and stable transfer functions such
that:

(i) P(s)= Ng(s)My(s) "= M(s) *N,(s)

(ii) ?Yd(s) Xd(s)l:J?Md(S) - Xs(s)l:l: |
g_ NS(S) MS(S)HgNd(S) YS(S) H



Construction of a stable double coprime
factorization

Let (A,B,C,D) a stabilizable and detectable realization of P(s) and
conventionally write P=(A,B,C,D) .

THEOREM 4
Let F e L two matrices such that A+BF e A+LC are stable. Then

there exists a stable double coprime factorization, given by:

M¢=(A+BF,B, F,1), N¢=(A+BF,B,C+DF,D)
Y =(A+BF,._-C-DF,), X<=(A+BF,._,F,0)
M=(A+ | C,,C,), Ne=(A+|_C,B+.D,C,D)

Y&~(A+ CB+.D-Fl), X&~A+_C, F0)



Proof of Theorem 4

The existence of stabilizing F e L is ensured by the assumptions of
stabilizability and detectability of the system. To check that the 8
transfer functions form a stable double coprime factorization
notice first that they are all stable and that My e Mg are biproper
systems. Finally one can use matrix calculus to verify the theorem.
Alternatively, suitable state variables can be introduced. For
example, from

X=Ax+ Bu=(A+ BF)x+ Bv
y=Cx+ Du=(C+ DF)x+ Dv
u=Fx+v control law

one obtains y=P(s)u=Ngy(S)v, uU=M¢(s)v, so that P(S)My(S)=Nq(S).
Similarly,

X = Ax+ Bu
y=Cx+ Du

‘[e':Ae + Bu+ Ln

i observer
in=C6 +Du-vy
Implies h=Ny(S)u-My(S)y=Ns(s)u-M(s)P(s)y=0 (stable autonomous
dynamic) so that Ny(s)=Mq(s)P(s). Analoguously one can proceed
for the rest of the proof.



Parametrization of stabilizing controllers
3° case: MIMO systems and generic P(s)

(i) P(9) =Ny (9M,(8) =M () N(9)
iy §Yel X (UEM,(S) - X()u_
& N(9 M(9UEN,(9 Yi(s) o

? »| C(9) »(% »E%

THEOREM 5
The family of all proper transfer matrices C(s) such that the
closed-loop system is well-posed and asymptotically stableis:

C(s) = (X(8) + My (9)Q, (N(Y.(5) - Ny (8)Qy(8)) ™
= (Yd (S) - QS(S) NS(S)) 1(Xd (S) + QS(S)M S(S))

where Qq(s) [Qs(S)] is stable and such that Ng(¥)Qqg(¥)! Y(¥)
[Qs(¥)Ns(¥)1 Yd(¥ )]



Comments

The proof of Theorem 5 follows the same lines as that of Theorem
3. Thowever, the generalization of Lemma 1 to MIMO isrequired.

d
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LEMMA 2
Let P(S)=Ng(s)M4(S) " and C(s)=N(S)M(S)* stable right coprime
factorizations. Then the closed-loop system is asymptotically

stable if and only if the transfer matrix K(s) from [r¢ddc¢to [z¢
z{4¢is stable.

_EM(9)  Ny(9u"
"% N M98



Proof of Lemma?2
It is completely similar to the proof of Lemma 1.

Proof of Theorem 5

Assume that Q(S) is stable and define
C(9=(X«(9)+Mo(9)Q()(Y(S)-Nu(9)Q(9))

It results that

I=Ns(9)Xs(S)+Mg(S)Y &(9)
=Ny(8)(Xs(8)+Md(s)Q(S))+My(S) (Y (S)s-Nu(S) Q(S))

so that the functions Xy(s)+My(S)Q(S) e Y«(S)-Ng(s)Q(s) defining
C(s) are right coprime (besides being both stable). The four
transfer matrices characterizing the closed-loop are:

(1+PC) "= (Y ~N4Q)Ms

-(1+PC)'P= (Y <-N4Q)Ns
(1+CP)'C=C(1+PC) = (Xs+M Q)M
(1+CP)'=1-C(1+PC) 'C= - (X +MyQ)Ns

They are all stable so that the closed-loop system is asymptotically
stable.

Viceversa, assume that C(S)=N(SM(S)™* (right coprime
factorization) is stabilizing. Notice that the matrices

e Yy(s) Xy(5)u My(s) N(s)u
é and ga
& NJ(s M (s)u eN (s) M (s)u

have stable inverse. Hence,

Y9 X (DUM(9 N(u_é  Y(ING()X,(IN(9) 0
& Ny(S) My (9GENG(S) M. (9] D N (N(9) +M (M ()
*)

has stable inverse as well. Then,



Q(9)=(Y ((5)Nc(8)-Xa(S)M(S))(Ms(S)M(S)+Ns(8) Ne(S)) ™
is well—posed and stable. Premultiplying equation (*) by
[Md(s) —=X<(S);Nu(S) Y(9)]

it follows

Ne(9Mc(8) '=(X(8)+Mo(8)Qu(S))(Y (8)-Na(9) Qu(9)) ™



Observation

Taking Q(s)=0 we have the so-called central controller
Col(S) =X Ys(9)™

which coincides with the controller designed with the pole
assignment technique.

Taking r=d=0 one has:

X = AX + Bu+ L(Cx + Du- V)
u=Fx

LEMMA 3

C(S) = Cy(9) + Y, (9 Q)|(1 - Y.(9) N, (9)QS)] Y.(9)™




Strong Stabilization

? > C(s) >(l) D@ >

The problem is that of finding, if possible, a stable controller
which stabilizes the closed-loop system.

Example

_ s-1
PO s 2+ 2)

Is not stabilizable with a stable controller. Why?

P(s) = S- 2
(s- D(s+2)

IS stabilizable with a stable controller. Why?

Sabilizazion of many plants
Two-step stabilization



|nter polation

Let consider a SISO control system with P(s)=N(s)/M(s) e
C(5)=Nc(s)/M(s) (stable coprime stabilization). Then the closed-
loop system is asymptoticaly stable if and only if
U(S)=N(s)N¢(s)+M(s)M(s) is an unity (stable with stable inverse).

Since we want that C(s) be stable, we can choice N¢(s)=C(s) and
D.(s)=1. Then,

_U(9)- M(9)

“&" N

Of course, we must require that C(s) be stable. This fact depends
on the role of the right zeros of P(s). Indeed, if N(b)=0, with

Re(b)3 0 (b can be infinity), then the interpolation condition must
hold true:

U (b) =M (b)

Consider the first example and take M(S)=(s-2)(s+2)/(s+1)?,
N(s)=(s-1)/(s+1)°>. Then, it must be: U(1)=-0.75, U(¥)=1.
Obvioudly thisisimpossible.

Consider the second example and take M(s)=(s-1)/(s+2) e N(s)=(s-
2)/(s+2)°. It must be U(1)=0.25, U(¥)=1, which is indeed possible.



Parity interlacing property (PIP)

THEOREM 6

- P(s) estrongly stabilizable if and only if the number of poles of
P(s) between any pair of real right zeros of P(s) (including
infinity) is an even number.

- We have seen that the PIP is equivalent to the existence of the
existence of a unity which interpolates the right zeros of P(s).
Hence, if the PIP holds, the problem boils down to the
computation of thisinterpolant.

- Inthe MIMO case, Theorem 6 holds unchanged. However it is
worth pointing out that the poles must be counted accordingly
with their Mc Millan degree and the zeros to be considered are
the so-called blocking zeros.
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H, CONTROL

SUMMARY

- Definition and characterization of the H, norm

- State-feedback control (LQ)
- Parametrization, mixed problem, duality

- Disturbance regection, Estimation (Kalman filter), Partial
Information

- Conclusions and generalizations



ThelL,space

L, space: The set of (rational) functions G(s) such that

¥

% CyacelG(- jwyG(jw)lw <¥
-y

(strictly proper — no poles on the imaginary axis!)

With the inner product of two functions G(s) and F(s):

¥
(G(9),F(9) :2% @'ace [G(- jw)' F(jw)]dw

-¥

The space L, isa pre-Hilbert space. Since it is also complete, it isindeed a
Hilbert space. The norm, induced by the inner product, of a function G(s)
IS

v Ull 2

e
[6(9)], = g Gace [G(- jwyG(jw)|aw §
8 H



The subspacesH, and Hy'

The subspace H; is constituted by the functions of L, which are analytic in
theright half plane. (strictly proper —stable!)

The subspace H, is constituted by the functions of L, which are anaytic
intheleft half plane. (stricty proper —untistable !)

Note: A rational function in L, is a strictly proper function without poles
on the imaginary axis. A rational function in H, is a strictly proper
function without polesin the closed right half plane. A rational function in
H, isa strictly proper function without polesin the closed left half plane.
The functions in H, are related to the square integrable functions of the
real variable t in (0,¥]. The functions in H, are related to the square
integrable functions of thereal variablet in (-¥,0].

A function in L, can be written in an unique way as the sum of a function
in Hy, and a function in Hy: G(S)=G4(8)+Gx(s). Of course, Gi(s) and Gx(S)
are orthogonal, i.e. <G4(s),G,(s)>=0, so that

[6©), =[], - |G (),

2
+
2




System theoretic interpretation
of theH, norm

Consider the system

X(t) = Ax(t) + Bw(t)
Z(t) = Cx(t)
x(0)=0

And let G(s) be its transfer function. Also consider the quantity to be
evaluated:

m ¥
J, = é c‘;(‘)'(t) 20 (1)t
i=10

where 2 represents the output of the system forced by an impulse input at
thei-th component of the input.

J = é’lm %(i"(t)ii> (t)dt :% zam ZO(- jw)'Z? (jw)dw =
7 CRLECE W Cliwledn = dracd G(- w) G(jw)] =[C(s).



Computation of the norm
L yapunov equations

“Control-type Lyapunov equation”
AP +PA+C'C=0

“Filter-type Lyapunov equation”

P A+P A+BB'=0

m ¥ ¥ m
celf =3, =9 AV 0200 = A tracele ' BeAtc ce™Be |t =
H Hz 1 a G (ﬁ_ 8 €

iI=1 o o 171
¥ é o v
- & At At
=y ge C'Ce a Bee' B“dt
0 e i=1 Q
¢ ¥ y
= trace 5B (¥ 'C'Ce”Vat Bu trace[B' P B]
= ? O u_ 3
& o H
¢ ¥ 0
:trace(Aa G Atpp et Cﬂ—trace[CPrC']
g0 H



Other interpretations

Assume now that w is a white noise with identity intensity and consider
the quantity:

J, = Iitr@p¥E(Z' (t)z(t))

It follows:

3, = lim traceSESceA VBt )at ¢ ow(s )Be e~ t-S)cds UEE—
t® ¥ g€ iy

=lim traceecxpeA‘t VBE[w(t )w(s )'|B'e***)C'dt ds

I® ¥ a)O

C>C -

= lim traceed:eA(”)BBeA(”)C dt —HG(S)H
@ 0

Finally, consider the quantity

1 T
J, = lim=Ey (t)z(t)dt
+=lim EQ7(020)

and let again w(.) be awhite noise with identity intensity. It follows:

E(Z (t)z(t)) =trace|CP(t)C], P(t)= OaAt BB'e dt

Notice that J=(||G(s)|)"? since

P(t) = AP(t) + P(t)A+BB', AY +YA+BB'=0, Y =|im= o°(t Jat

Te¥ |



Optimal Linear Quadratic Control (LQ)
ver sus Full-1nfor mation H, control

¥
X=Ax+BU, X(0) =X, J=gXxQx+20'S+U Ru)dt
0

Assume that
Q  Su,
& R

And notice that these conditions are equivalent to

R>0, H= 0

R>0, W=Q- SR!S30

Find (if any) u(® minimizing J

The above matrix result is the well known Schur Lemma. The proof is as follows. If H 0, then
é | u
- R'S=|l - R*MHa 20
Q [ ] g_ R—lan
Vice-versa, assume that H20 and R>0, and suppose by contradiction that W is not positive

semidefinite, then Wx=nx, for some n<0 and ¥ 0. Then yHy=nxt<0, with y¥=[x¢;- xSR] is a
contradiction.



Optimal Linear Quadratic Control (LQ)
ver sus Full-1nfor mation H, control

Let Cy; afactorization of W=C,6¢C;; and define

é C. U _€bu
C1 SRl/lisL} D QI

— 12— —
=R, z=Cx+Dypu

Then, it iseasy to verify that

¥

¥
J = (X' Qx+ 20" Sx+ U'RU)dt = ¢y’ zdt = HZHE

Moreover, the free motion of the state can be considered as a state motion
caused by an impulsive input. Hence, with w(t)=imp(t), let

X=AXx+B,u+Bw
z=Cx+Dpu
x(0)=0

The (LQ) problem with stability is that of finding a controller

X = FX + Gx+G,w
u=Hx+Ex+Ew

fed by x and w and yielding u that minimizes the H, norm of the transfer
function from w to z.

L QS problem



Full information

W P Z
u X
W
<
K [

X=Ax+Bw+B,u
z=Cx+D,u
éxu

Y=6 g
&

Problem: Find the minimun value of |[T,|. attainable by an
admissible controller. Find an admissible controller minimizing

IT2||2- Find a set of all controllers generating all |[Tw|[2<0.

Assumptions
(A,B,) stabilizable
D1,01,>0

(A.,Cyc) detectable

Ac= A-By(D1tD1,) ' DI,
Cic= (I-D12 (Do®12) * D10C4

stable invariant zeros of (A,B2,C1,D12)



Solution of the Full Information Problem

Theorem 1

There exists an admissible controller FI minimizing [Tz . 1t is
given by

Fz = (D12|D12)-1(lep + D12'C1)

where P is the positive semidefinite and stabilizing solution of the
Riccati equation

AP+PA- (PB +C'D,)(D,'Dy) "(B,P+D,'C)+CG'G =0
A.=A-B(D,'D,)"(B,'P+D,'C)=A+BF, stable

The minimum norm is;

IT.[-=a’, a=|RB|, =,tracéB'PB), R(9=(C+D,F)( - A-BF)"

The set is given by

Fo e

T «— Q(S) —

where Q(s) isastable strictly proper system, satisfying
2
Q) <g*- a*



Proof of Theorem 1

The assumptions guarantee the existence of the stabilizing solution to the
Riccati equation P. Let v=u-F,x so that u=Fxx+v, where v is a new input.
Hence, z(s)=P.(s)Biw(s)+U(s)v, where U(s)=P.(s)B,+D1.. It follows that
T (S)=P:(5)B1+U(S) Tww(S). The problem is recast as to find a controller
minimizing the norm from w to z of the following system

W \Y
— P
u V X
W
¢
K il

where P, is given by:

X=Ax+Bw+Bu
v=-FXx+u
éxu

-

Notice that T, (s) is strictly proper iff Ty (S) is such. Exploiting the
Riccati equality it is simple to verify that U(s) U(s)=D»D1, and that
U(9) Pc(9) is antistable. Hence, [Ta(9)ll ,*=[IPe(9)B4ll,” + [Tw(S)Il,” Hence
the optimal control isv=0, i.e. u=Fx.

Finally, take a controller K(s) such that ||TZW(s)||22 < ¢. From this controller
and the system it is possible to form the transfer function Q(s)=Tw(s). Of
course, it is ||Q(s)||22 < ¢f-a° It is enough to show that the controller
yielding u(s)=Fxx(s)+v(s)=Fxx(s)+Q(s)w(s) generates the same transfer
function T,,(S). This computation is | eft to the reader.



Distur bance Feedforward

X=Ax+Bw+B,u
z=Cx+D,u
y=C,x+w

Same assumptions as Fl+stability of A-B,C;

C,=0 ® direct compensation
C.t O0® indirect compensation

_A-81C2 B, B, Yy u
P >
R
R(s) = 0o |0 I —» RO
| o) 0
L -G | O_ Ke () [—
‘7
Kbe

The proof of the DF theorem consist in verifying that the transfer function from w to z achieved by
the FI regulator for the system A,B1,B,,Ci, D12 is the same as the transfer function fromw to z
obtained by using the regulator Kpr shown inthe figure.



Output Estimation

W y4
—p ——
T P y
—p
K [
X=Ax+Bw+ (Bu) u=-2
z=Cx+u
y =C,x+ D,w
w y
L5 Pa(9)
Assumptions
(A,C,) detectable
D2:Dx1¢>0 A;=A-B; D21€D21D»1 0" C,

Bit = B1(I-D21¢(D21D 219 'D2))
(A+,B¢) stabilizable

(A-Bzcl) stable



Solution of the
Output Estimation problem

Theorem 2

There exists an admissible controller (filter) minimizing |[Ta|fz. 1t
IS given by

X = AX +B,u+L,(Cx- )
u=-Cx

where
_ ' -1
I—2 - (PCZ + BZD 21)(D21D21)

and P is the positive semidefinite and stabilizing solution of the
Riccati equation

AP+PA- (PG +BD,)(D,D,) (GP+D,B')+BB'=0
Arf =A- (PQ'+BlD21') (D21D21')_1 =A+ L2C2 stable



Solution of the
Output Estimation problem (cont.)

The optimal norm is

IT.1;=

CR (| =racCPq), R(9=(a- A-LG)'B+LD,)

The set of all controllers generating all |[T|l2 < gisgiven by

u y
Ai-B.Ci Ly  -By “— M
M(s)=
Cy 0 | [ j
G, | 0 Q

Where Q(s) is proper, stable and such that ||Q(9)|2 <
d- ICP(9)II%2



Proof of Theorem 2
It is enough to observe that the “transpose system”

| =Al +C'V+C,n
m=B'l +D,'n
J=B'l +V

has the same structure as the system defining the DF problem.
Hence the solution is the “transpose” solution of the DF problem.
It is worth noticing that the H, solution does not depend on the
particular linear combination of the state that one wants to
estimate.



Filtering
Given the system

x= AX+\, + B,u
y=Cx+\,

where [z¢ z¢] ¢are zero mean white Gaussian noises with intensity
_ N, W0
~ 8 . Zu’ W,, >0
12 22U

find an estimate of the linear combination Sx of the state such as
to minimize

3= lim E[(SX(t) - u(®))'(SX(t) - u(t))]
L etting

C,=-S, C,=W, C, D, =[0l],
BB, =W, - VV12W22_W2" B, =[B;; W W,, 1/2]

12
eVU 9511 WML, U
uW

- / _
yzwzzlzy’ z=Cx+u, 4 12 U
2u eO W22 u

éD

the problem is recast to find a controller that minimizes the H,
norm from w to z.



The partial information problem

(LQG)
1 Py
K(s) 1<—

X=Ax+Bw+B,u
z=Cx+Dpu
y =C,x+ Dyw

Assumptions: FI + DF.



Theorem 3
There exists an admissible controller minimizing |[[Taw|l2- It is
given by

X = AX+BU+L,(Cx - Y)
u=-FX

The optimal norm is
L =IROULEcP o] =ReBEHRA ], =0

The set of all controllers generating al ||[Tw|l2 < gisgiven by

_ _ u y
A +BQF2+L2C2 L, -B> t—— g [
s)=
-F 0 |
G | o Q

Where Q(S) is proper, stable and such that ||Q(9)|I < ¢f- &°

Proof
Separation principle: The problem is reformulated as an Output Estimation problem for the estimate
of -F2 x.



| mportant topicsto discuss

Robustness of the LQ regulator (FI)
Robustness of the Kalman filter (OE)
L oss of robustness of the LQG regulator (Partial Information)

L TR technique



THE Hy
CONTROL PROBLEM

SUMMARY

- Definition and characterization of the Hy norm

- Description of the uncertainty: standard problem

- State-feedback control

- Parametrization, mixed problem, duality
- Disturbance regjection, Estimation, Partial Information

- Conclusions and generalizations



What the Hy norm 1s?

Bode Diagrams

From: U(1)
20
/N
10
yd
//
0 —T |
-10 ]
\\
\\
20
50
e——T—T [ | [N
50
-100 =
-150
10° 10" 10°

Frequency (rad/sec)

G(s) rational stable proper

[GE, = SuPrgey:0 [G(8)] = max, [G(iw)|

[Wi =S (W) = /1 e (W* W) =T (WIAK)

For the frequency-domain definition we can consider a transfer function without poles on the
imaginary axis. It iseasy to understand that the norm of a function in Ly can be recast to the norm
of its stable part given through the so-called inner-outer factorization. The time-domain definition,
given in the next page, requires, for obvious reasons, the stability.



Time-domain characterization

G(s) = D+C(sl-A)'B

X = Ax + Bw
z=Cx+Dw

A = asymptotically stable

I,

w,

G(s), = SUPui,

There does not exist a direct procedure to compute the infinity
norm. However, it is easy to establish whether the norm is

bounded from above by a given positive number g.

The symbol indifferently the space of square integrable or the space of the strictly proper rational
function without poles on the imaginary axis. If w(.) is a white noise, the infinity norm represents
the square root of the maximal intensity of the output spectrum.



BOUNDED REAL LEMMA

L et gbe apositive number and let A be asymptotically stable.

THEOREM 1
The three following conditions are equivalent each other:

) GGk <g

(i) ||D||<g and there exists the positive semidefinite stabilizing
solution of the Riccati equation

AP+ PA+(PB+C'D)(g? - D'DJ'(B'P+DC")+C'C=0

A+(g’l - D'D)'(B'P+DC') stable

(i)  |ID||<g and there exists a positive definite solution of the
Riccati inequality

AP +PA+(PB+C'D)(g?l - D'D)'(B'P+DC)+C'C<0




Comments

Notice that as g tends to infinity, the Riccati equation becomes a
Lyapunov equation that admits a (unique) positive semidefinite
solution, thanks to the system stability. This is obvious if one
notices that the infinity norm of a stable system isfinite.

Proof of Theorem 1
For simplicity, let consider the case wherethe systemis strictly proper, i.e. D=0. The equation and
theinequality are

AP+PA+ Pz% P +C'C=(x)0

Also denote: G(s) =G(-9)¢

Points(ii)® (i) and (iii) ® (i).
Assumethat there exists a positive semidefinite (definite) solution Pof the equation (inequality).
We can write:

(sl + A)P- P(sl - A)+ PE;EE Prcc=(90

Premultiply to theleft by BEsl+AQ™ eto theright by (sl-A)™?B, it follows

G (9)G(s) =g’ - T (9IT(s)
T(s)=d-g'BP@ - A

so that [|G(s)]ix < g.

Points (i) ® (ii)
Assumethat ||G(9)|lv < 9. We now proof that the Hamiltonian matrix

g-ZBBIL‘,J

A
H= U
s CC -A|

(D: (D> (D

does not have eigenvalueson the imaginary axis. Indeed, if, by contradiction jw isone such
eigenvalue, then



(jw- A)x-g?BB'y=0
(jw +A)y+C'Cx=0

Hence Cx=-g2C(jwl-A)'BB¢wl+A)*CEx, sothat G(-jw)aS({jw)Cx=0 and Cx=0. Consequently,
y=0 and x=0, that is a contradiction. Then, since the Hamiltonian matrix does not have imaginary
eigenvalues, it must have 2n eigenvalues, n of them having negative real parts. The remaining on
eigenvalues are the complex conjugate of the previousones. Thisfact followsfrom the matrix being
Hamiltonian, i.e. satisfying JH+H@=0, where J=[0 I;-I 0]. Let take the n-dimensional subspace
generated by the (generalized) elgenvectors associated with the stable eigenvalues and let choice a
matrix S=[X* Y*]* whose range coincides with such a subspace. For a certain asymptotically stable
matrix T (restriction of H) it follows HS=ST. We now proof that X*Y=Y*X. Indeed let define
V=X*Y-Y*X=S*JS and notice that VT=S*JST=S*JHS=-S*HUS=-T*S*JS=-T*V, so tha
VT+T*V=0. The stability of T yields (by the well known Lyapunov Lemma) that the unique
solutionis V=0, i.e. X*Y=Y*X.We now proof that X is invertible. Indeed from HS=ST it follows
that AX+g°BBeY=XT and —AdY-CECX=YT. Premultiplying the first equation by Y* vyields
Y*AX+g2Y*BBe =Y*XT=X*YT. Hence if, by contradiction, Vi Ker(X) then v*Y*BBaYx=0 so
that BdYv=0. From the first equation we have X Tv=0and-AdYv=Y Tv. In conclusion, if Vi Ker(X)
then Tvi Ker(X). By induction it follows T*vi Ker(X), and again

-AtYT*v =Y T*"Ly, k nonnegative. Take the monic polynomial of minimum degree h(T) such that
h(T)v=0 (noticethat it dwaysexists) and write h(T)=(l I-T)m(T). Since T & asymptotically stable, it
results Re(l )<0. Obviously g=m(T)\*0. Then g Ker(X), Tag=I g, -AtY¥g=YTg=I Yq. Since A is
asymptotically stable and Re(l )<0, this last equation implies Yg=0, that, together with Xg=0
implies g=0, thanksto the n-dimensionality of the range of S. Thisis a contradiction. So we have
proven that X isinvertible. Hence, defining P=Y X * and noticing that P*=P one has AX+G2BB¢Y =
XT and —ACY -CICX=YT sothat —AdY-CICX=Y X {(AX+§°BBeY) and AP+CIC+PA+g2PBBE=0.

Besides being hermitian, P is also real (and therefore symmetric). Indeed, we can write X
YF]*N=[X* Y*], where N is a permutation matrix and X¢, Y. are complex matrices which are the
complex conjugatesof X eY, respectively. Hence, if Pc isthe complex conjugate of P, one has
P=YX =Y NN'Xc'=Y X =P

Finally, the fact that P is positive semidefinite is again a consequence of the Lyapunov Lemma,
applied to the Riccati equation.

Points (i) ® (iii)
Assumethat ||G(s)|lv < g and define
g -G,

=8¢ ¢ I o M
(S) e e ||(S| . A)lB"Z

/e g(sl - A'B, O<ec<
Then,
G (5)G(S) =G (s)G(s) +eF "(s)F(s), F(s)=(sl - AY'B

and hence

— 2 2 2

G, £lces), +elF ), <9
Then, from the implication (i)® (ii) it follows that there exists the positive semidefinite and
stabilizing solution of the Riccati equation

A®+ PA+¢°PBB®+ CC+el =0, sothat P>0 and P solves A®+ PA+g°PBB®+ CE <O0.



Worst Case

The “worst case” interpretation of the Hy norm is given by the
following result:

THEOREM 2

Let A be stable, ||G(9)|lx < gand let Xy be the initial state of the
system. Then,

7, - 97w, = %" Px,

SUP;

where Pisthe solution of the BRL Riccati equation.

Proof of Theorem 2

Consider the function V(x)=x®x and its derivative along the trajectories of the system. Letting
D=(fI-D®)* we have:

V =x'(AP+ PA+ PBw+ B'PB)x
=-XC'Cx- xX(PB+C'D)D(B'P+D'C)x=-22
+W(D'C +B'P)x+ X(C'D +PB)w+w D' Dx+
- X (PB+C'D)D(B'P+D'C)x=
=-Zz+g'wWw- (w- w,.)'D*(w- w,.)

where wys = OB’ P+ D’ C)x isthe wor st disturbance. Recalling that the system is asymptotically
stable and taking theintegral of both hands, the conclusion follows.



Observation: LM

P>0
A'P+PA+(PB+C'D)(g’l - D'DJ(BP+DC)+C'C<0

Schur Lemma

¢ AP-PA-CC PB+CDuy_
BP+D'C g’ - DDf

MDD



Complex Stability Radius and
guadratic stability

x=(A+LDN)x, |D|£a

|X = Ax+Lw —> !
%z = NX
}W - Dx A LN

The system is said to be quadratically stable if there exists a
solution (Lyapunov function) to the following inequality, for

every Din the set
(A+LDN)'P+P(A+LDN)<0

THEOREM 3
The system is quadratically stable if and only if |[N(sI-A) 'L [|v<a™



Proof of Theorem 3
First observe that the following inequality holds:

(A+LDN)'P+P(A+LDN) =

A'P+PA+N'DDN +PLL'P- (N'D- PL)(DN - L'P)

XLL' X
a2

£ AP+PA+PLL'P+N'Na?=a?(A'X + XA+ +N'N)

where Pa’=X. Hence, if there exists X>0 satisfying
XLL'X

a-2
then A+LDN isasymptotically stable for every D, ||D|| £a, with the
same Lyapunov function (quadratic stability). This happens if
IN(sl-A)'L|x<a™ In conclusion, we have proven that the
condition |[N(sl-A)'L|v<a™ implies that the system is
quadratically stable. Vice-versa assume that that the system is
quadratically stable. In particular the system is robustly stable, i.e.

stable for each D in the set ||D||Ea. Hence, for each [|D||<a it results

A X + XA+ +N'N <O

(*) det[l - D'G(-5)'G(s)D|* 0, Re(s)3 0

Assume by contradiction that ||G(s)||«3a™, i.e. there exists b such
that

| e[| - @G(- jb)'G(jb)a] £0

Since | ma{l-a G(-¥)@G(¥)a]=1>0, we have that there exists
s=jw that violates (*), a contradiction.



Real stability radius

A= stable (elgenvalues with strictly negative rea part)

r (AB,C) = inf{|||1| DI R™? and A+ BDC isunstable}
=inf inf{|0j: DI R™ and det(sl - A- BOC)=0)

=inf int{|D|: DT R™" and det(l - DC(sl - A)*B)=0}

d jw

Linear algebra problem: compute
m (M) =inf{|Df: DT R™" and det(1 - DM)=0}f *

Proposition

. & ReM -gIlmMud
m(M): %r};flszé.é -1 M L,J:
g1y “xg " ImM Re Ug

Taking M=G(s)=C(sl-A)"B it follows

ReG(jw) - gImG(jw)id
1ImG(jw)  ReG(jw) g

w 9101

&
r (A/B,C)*=supinf s,Ca
2§%



Example

679 20 -30 - 200
€41 -12 17 133

€0.2190 0.9347
_£0.0470 0.3835;

A=€ , B=¢ ,
67 40 -60 - 38 &0.6789 05194
$®35 9 -145 -11§ &.6793 0.8310§

€0.0346 0.5297 0.0077 0.06680

C=
€.0535 06711 03834 04175

_ & 0499 012140
worst ~ & €0.1214 0. 4996“I
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15

20 25 30



Entropy

Consder a stable syssem G(s) with state space realization
(A,B,C,0), and assume that [|G(9)|lv<g

The g-entropy of the system is defined as

_ g I &  G(- jw)'G(jw)u
1,(G) =- = cjndet & - - dw
g( ) 2 9 8| .7 G
Proposition
o\ s
HG(S)HZ £ | (G) £ x |Og(12- a )3‘6(3)“2 a= HG(S)H¥
E1,@) £ 5260, g

|,(G) =trace[B'PB] = trace [CQC]]

Where P and Q are the gtabilizing solutions of the Riccati
eguations

AP +PA+g ?’PBBP+CE =0
AQ + QAC+g °QCECP +BB¢=0



Comments

It is easy to check that the g-entropy measure is not a norm, but
can be considered as a generalization of the square of the H, norm

GO = G s e w]

-y i=l

Indeed the g-entropy can be written as

+¥m

1,(G) -% A f62[G(w)) dw

-y i=l

f(x°)=-g°In(- X—i)
g

Graph of f(x) parametrized in g>1. For large g the function f(x?)
gets closer to X° (red line).




Comments

An interpretation for the g-entropy for SISO systems is as follows.
Consider the feedback configuration:

oo S

D(s)

where w(.) is a white noise and D(s) is a random transfer function
with D(jw;) independent on D(jw,) and uniformly distributed on
the disk of radius g* in the complex plane.

Hence the expectation vaue over the random feedback transfer
function is

°9
= 1,(G)
20

G(s)
Eﬁl— G(9)D(s)



Proof of the Proposition

First notice that f(x°) 3 x° so that the conclusion that 1(G) 3 [|G(9)|% follows immediately.
Now, let

2 2

b= i = g , = g—
a® |ee)i ' s#G(iw)

Of courseitisr b>1. Then

SRS

b

Q-0
w
_“|o'
=3
1
ol
Q-I-O

) Ing- ; :

& I--Ox
[SEE e

S0 that

+¥m +¥
| (G)——cﬁ g |n§°i-——dw£ bin gt-ioicagr—dw

-yi=l |ﬂ @Zp yi=l 7

which is the conclusion. In order to prove that the entropy can be computed from the stabilizing
solution of the Riccati equation, recall (Theorem 1) that, since ||G(s)|lx<g, it is possible to write

G (5)G(s) =g°l - T (9T(s)
T(s)=d-g'BP(sl - A

where P is the stabilizing solution of the Riccati equation (with unknown P). Then, letting
oWM(s)=T(s) it follows

14(G)= -~ oy det [W(- jw) W(jw)Jdw=im- == Jog det [W(- ,-W)-\M,-W)]‘Z—_‘zdw
P 5 2p (z- jw)|
=lim- g’ +aog|det\/\,(jw)| ‘ ‘
- jw
1,(G) = I|m- g zlog|det\/\l(z)|— lim- g zlog‘det(l g ’B'P(2 - A)-ls\

-2

(1- g7trace[ B'P(B+M (z))]

-2

=lim- g%zlo
n g g

i 2 g
—Iz!@ry g“zlog|det (I .

2

-2
—lim. 2 —lim. 2(. 9 . -2
—Iz!@ry g“zlog |z|®T a7z _z tracg B'PB] +O(z 9))

g
V4

= trace[B'PB]
In view of the Poisson integral formulait follows that

In the expressions above we set M(z)=ABZz*+A?Bz?+...Moreover, O(Z?) denotes terms of powers
Z?, 7° ect.. Finally, the formulas det(1+ e V)=1+ e trace(V)+O(e?) and logdet(l+ e V)=e trace(V)+
O(e?) have been used. The proof of the proposition with the solution of the Riccati equation with
unknown Q follows the same lines and therefore is omitted.



ACTUATOR DISTURBANCE
X = Ax+ B(w+u)
z=Cx+Du
The optimal H, state-feedback controller is
u=Fx, F, =-(D'D)YB'P+D'C)
0=AP+PA+C'C- F,D'DF,
Proposition

The optimal H, control law ensures an Hy norm of the closed loop
system (from w to z) lower than 2||D]|.

Proof. Consider the equation of the Bounded Real Lemmafor the closed-loop system, i.e.
(A+BF,)'Q+Q(A+BF,) +g “QBB'Q+(C + DF,) (C + DF,) <0
Now take Q=P/a and consider both equationsin P. It follows:

(1- a'l)C'(I - D(D'D)'lD')C+ PBRB'P<0, R=(D'D)'(l-a')+la'g?

This condition is verified by choosing a£1 and the minimum g such that REQ, i.e. the minimum g
such that

(@a-a?’)l-g?’D'D3a-a’-g?s?D)=0
a-a®
Theterm a-a?is maximized by a=0.5, for which a-a?=0.25, so that the minimum gis

g=25(D)



The Small Gain Theorem

Gx(9)

THEOREM 4
Assume that G4(s) is stable. Then:

(i) Theinterconnected system is stable for each stable G,(s) with
IGA9)lk<a if |Gu(s)lEa .

(i) If ||Gu9)|k>a* then there exists a stable Gy(S) with
IG(9)|ly<a that destabilizes the interconnected system.



(i)  Proof of Theorem 4

Point (i).

If [|IGx(9)|k<a and [|Gy(9)|xEa™t, then det[l-Gy()Gx(9)]:0, for
Re(s)2 0. Thisfact, together with the stability of Gy(S) and Gy(s), is
equivalent to the stability of the closed-loop system (the smple
check is left to the reader).

Point (ii).

For the proof of this theorem, let consider the case where the
number m of column of G4(s) is less than or equal to the number p
of columns of G,(s). The proof in the converse case is similar,

Then, assume that ||Gy(s)|k=a(1+e)=r*, e>0, and write the
singular value decomposition of Gi(jw), l.e.
Gi(Jw)=U(w)S(w)V (jw) where S(jw)=[Sjw)¢0]¢ and S(jw) is
square with dimension m. Moreover, take a stable G,(s) such that
Go(jw)=r V(jw)[I OJU (jw). Notice that G, (jw)G(jw)=r °<a® so
that ||Gx(9)|lk<a. We have:

o \
det]l - G,(jw)G(jw)] = detel - TU(wg ((J) ) OHJ (jw)g
u u

-deteéU(JW)U (iw) - rU(JW)gS((J)W) OHJ (w

&l -rS OcC
—de“ r S(jw) uJ

det[l - rS(JW]
& O

Since ||Gy(s)|[«=r 7, it follows that there exists a frequency b such
that limue 1S (G1(w))=r . Hence, being S(jw) diagonal with the
singular values of Gy(jw) on the diagondl, it follows that at |east
one entry of r §jw) goes to zero as w tends to b. In conclusion
limye wdet[I-r jw)]=0, so that the closed-loop system is not
stable.



The Hy
design problem

Find K(s) in such away to guarantee:

. Stability
- Satisfactory performances

Design in nominal conditions
Uncertainties description
Design under uncertaint conditions



Nominal Design

G(s) = Gi(s)

The performances are expressed in terms of reguirements on some
transfer functions

Characteristic functions:

. Sensitivity S(9)=(1+G(9)K(9)) >
d® ¢, c®y,-d®y

- Complementary sensitivity
To(8)=Gn(9)K () (I1+Gr(9)K ()™
c®c, -d® c

- Control sensitivity
V(8)=K () (I+Gr(9K(9)) "
CO® Up, 'dr® Up, 'dc® Up



Shaping Functions

In the SISO case, the requirement to have a “small” transfer
function f (s) can be well expressed by saying that the absolute
value |f jw)|, for each frequency w, must be smaller than a
given function g(w) (generaly depending on the frequency):

f(iw)|<qw), "w
Anaogoudy, in the MIMO case, one can write

sTf (jw)] <qw), " w

This can be done by choosing a matrix transfer function W(s),
stable with stable inverse (“ shaping” function) , such that

"wosWw) = w) ~ [W(sK (s)], <1

A general regquirement is that the sensitivity function is small at
low frequency (tracking) whereas the complementary sensitivity
function is small at high frequiency (feedback disturbances
attenuation). Mixed sensitivity:

HéN [(S)S, (s)q
3, (9T,(9)




Description of the uncertainties

The nominal transfer function G,(s) of the process GG(s) belongs
to a set G which can be parametrized through a transfer
function D(s) included in the set

D, ={D(s) | D(9)T H,, D), <a }
For instance,

- G ={G(9) | G(s) = Gy(9)+D(5)}

. G ={G(s) | G(s) = Gu()(I+D(3))}

- G ={G(s) | G(s) = (1+D(5))Gn(S)}

. G ={G(9) | G(s) = (I-D(s)) :Gr(3)}

. G ={G(9) | G(s) = (I-Gn(9)D(9)) 'G(S)}



Examples

- G ={G(s) | G(s) = Gy(9)+D(s)}
Uncertaint unstable zeros

S- 2 e
+

G(s) =
(s+2)(s+D) (s+2)(s+])

. G ={G(s) | G(s) = Gu()(I+D(3))}

Unmodelled high frequency poles or unstable zeros

2 G(s)=

et e (s+1)§1' 1+9 5

- G ={G(9 | G(9) = (I-D(9)"G(9)}

Unmodelled unstable poles

o) = gi (1+s)5 (s+10)
. G ={G(9) | G(S) = (I-Gy(9ID(S)) 'GH(9}

Uncertain unstable poles

-1

e 1 81
G(S)_gi s1p (51




Design in nominal conditions
Example of mixed perfor mances

W=C Z
»( ) A
d
W Z
—> P >
U —»p Y
K “«—
W5:1
N, - WG, 0
_e u
. P—eo Wanl:J
z=g pw=c’ el -G o
e U



Design under uncertain condition
Robust stability and nominal performances

———» D
W5
d.=w
Gy(S
CU ( ) }OC >
d
W Z
—> - »
u—» P y

K «—
& W - WG,0
Z=gzlg,wzdC P=80 WG, ;
elU g-1 -G §



Design under uncertain condition
Robust stability and robust performances

Gn(s) »( ) >

1) Robust sensitivity performance

LSS, =[We(9)S. O - WE(D(IW,(s)V, (9] Y], " [DXs)]l, <2

2) Robust stability

W, (V. (WG (9)], <1

1) and 2) are both achieved if the controller is such that
(9SO _,
A, (SV, ()6

¥



The proof of the result follows from 1) and 2) and on the following

Lemma
Let X(s) and Y(s) in Ly and Y ageneric Ly function such that |[Yy||<1. If

sup, {|X (iw)| + [ (w)[} <1
Then

sup, [ X (jw)] <1
ﬂv( Wl - Y (WX (jw)]*

et

sup,,

Proof of the Lemma

The first point directly follows from the assumption. The second point istrivial if X=0. Hence,
assume X! 0 so that

VGt - Y Gw) X Gl | £ Y Gwl[[T - Y Gw)X (iw)] |
MOV c MO
S (1= Y (WX(jW) 7 1- 5,1, (Y (W)X (jW))
MO e IvGw)
1-S o (Y (WS e (X(W)) 1= S (X (W)

ML)
1-[Ix (jw|




The Standard Problem

w Z

oy N <

Uu—» P Yy
K «——

All the situations studied so far can be recast in the so-called
standard problem: Find K(s) in such away that:

- The closed-loop system is asymptotically stable

. HT(Z,W,S)H¥ <g

Existence of a feasible K(s)and parametrization of all controllers
such that the closed-loop norm between w and z be less than g.



Full information

FF =

X=Ax+Bw+B,u
z=Cx+D,u
éxu

Y=6 g
&

Ac= A-By(D1D1,) ' DI,
Cic= (|'D12 ([)12(1{)12)_1 D12(9C1

Assumptions

(A,B,) stabilizzabile
D12qD12>O

(Ac,Cy) rivelabile



Solution of the Full I nfor mation Problem

THEOREM 5

There exists a controller Fl, feasible and such that |[T(z,w,9)|lx < g
If and only if there exists a positive semidefinite and stabilizing
solution of the Riccati equation

AP+PA- (PB +GC'D,)(D,'D,) (B'P+D,C)+P Blg'? P+C/C =0

A-B(D, %‘)‘%@'P%'Qﬁ%?f P stable

Fy [ v
-g'ZquP

- «— Q(S) 5‘ "

A

F¥ = (D12'D12)-1(82'P + D12IC1)

Q(s) isastable system, proper and satisfying ||Q(s)[ly < ©.



Comments

- As(g® ¥) the central controller (Q(s)=0) coincides with the H,
optimal controller

- The parametrized family directly includes the only static
controller u=R¢X.

- The proof of the previous result, in its general fashion, would
require too much time. Indeed, the necessary part requires a
digression on the Hankel-Toeplitz operator. If we drop off the
result on the parametrization and limit ourselves to the static
state-feedback problem, i.e. u=Kx, the following ssimple result
holds:

THEOREM 6
There exists a stabilizing control law u=Kx such that the norm of

the system (A+B,K,B1,C;+D1,K) islessthan gif and only if there
exists a positive definite solution of the inequality:

AP+PA- (PB,+C'D,)(D,'D,) *(B,'P+D,'C,)

+PBl|231IP+Cl'C1<O
9




Observation: LM

P>0
AP +PA- (PB, +C'D,)(D,'D,) (B,'P+D,'C,)

+P2B picc <0

2

g
Schur Lemma
X=gP™*
X >0
g XA'- AX- BB'+g°B,B,’ XClc'g>O
é Clcx gzl Cl

Ac= A-By(D1tD1,) ' DI,
Cic= (I-D12 (Do®12) * D1:0Cy



Proof of Theorem 6

Assume that there exists K such that A+B,K is stable and the

norm of the system (A+B.K,B;,C;+D1;K) is less than g Then,
from the we know that there exists a positive definite solution of
the inequality

(A+B,K)'P+P(A+B,K)+g?PBB,/P+
+(C, + D,K)'(C, + D,K) <0 ()

Now, defining
F=- (D12'D12)-1(le P+ D12'C1)
the Riccati inequality can be equivalently rewritten as
Al P + PA_ (PBZ + C' D12)(D12I D12)-1(le P + D12'C1) +

pBB pLcrc + (K- FY(K- F)<0
g

so concluding the proof. Vice-versa, assume that there exists a
positive definite solution of the inequality. Then, inequality (*)
Is satisfied with K=F, so that with such a K, the norm of the
closed-loop transfer function islessthan g (BRL).



Parametrization of all algebraic
“state-feedback” controllers

Define:

A B
___Cl D12]
W, W]

THEOREM 7
The set of al controllers u=Kx such that the Hy norm of the

closed-loop system islessthan gis given by:

K =w,'w;*

W, >0

& AW - WA~ BB’ WC,
& cw ol



Proof of Theorem 7

We prove the theorem in the smple case in which GD,,=0 and
D.1.®1=I. The LMI isequivalent to

K =W, W
W >0
AW +WA BB W,B, BV, +g WG, GV +g W, <0

If there exists W satisfying such an inequality, it follows that the
Inequality

P(A+B,K)+(A+B,K)P+g?PBB'P+C,/'C, +KK'<0

|'s satisfied with K=W,\ ;" and P=¢fW, *. The result follows from
the BRL. Vice-versa, assume that there exists P>0 satisfying this

last inequality. The conclusion directly follows by letting
W,==¢fP* e and W=W,K¢



é0 1 =00
X=a X+ e, ((W+u)
&1 -1y &y ) )
0 Ou
&l o & robustness DA =g Q
Z=a X+ a M Qv Oof
0 0y &l

g =0.75, g=0.76

MWk ..
2
1.5 Ve
/
. ;
0.5 J—'—’—”’_'_'_F'_J_#_i—i/ H
%




Mixed Problem H,/Hy

X=Ax+Bw+B,u
z=Cx+Dpu
X =Lx+Mu

The problem consists in finding u=Kx in such away that

min [T, w,s,K)|,:|[T(z.w,s,K)[, £9

- For instance, take the case z=x. The problem makes sense since

a blind minimization of the Hy infinity norm may bring to a
serious deterioration of the H, (mean squares) performances.

- Obvioudly, the problem is non trivial only if the value of g is
included in the interval (gn @), Where gng is the infimun
achievable Hy norm for T(z,w,s,K) as a function of K, whereas
@ Is the Hy norm of T(z,w,sKorr) where Korr is the optimal
unconstrained H; controller.

- This problem has been tackled in different ways, but an analytic
solution is not available yet. In the literature, many sub-optimal
solutions can be found (Nash-game approach, convex
optimization, inverse problem, ...)



Post-Optimization procedure

X=Ax+Bw+B,u
z=Cx+D,u

simplifying assumptions LM=0, MM =I

X = Lx+Mu

Let Kgp @ controller such that ||T(z,w,sKsw)|x<g. For al [0 2],
define the matrices

A.=A+(1-a)BKap
Bo, :(Za - aZ)JJZBz
Ca =L+(1- a)MKgsp

And the standard Riccati equation
A'R+RA-RB.B, R +C'C =0 (a-RIC)

Notice that if (A,L) is detectable and (A,B,) stabilizable, such an
equation aways admits the stabilizing solution (positive
semidefinite) P, for each al [0 2]. For each al [0 2] we can write
the family of controllers

K,=(@1-a)Kg,-aB,'P, (a - con)




Post-Opt Algorithm

THEOREM 8

Each controller K, of the family (a-con) is a stabilizing controller
and is such that

T, wes, K, =[[T(x.wis Ko o))

d
(1- a)EHT(x,W, s, K,)|,£0

Interpretation: For a=0, the controller is Ke=Kgqn Hence,
IT(zw,sKo)|lk<g For a=1, the controller is Ki=Korr, S0 it
coincides with the optimal unconstrained H, controller, hence
[T(z,w,sK1)|lx 3 g Onevariesa till the value a* which is closest

to a=1 and such that ||T(z,w,s,K1 )|[x=0. The reason of the equality
Isin the fact (asit is possible to proof starting from the necessary
conditions) that the optima mixed controller Kymix Satisfies

”T(Ziwisl K ottmix )”¥ :g

IT(zw,sKa)lk IT(zw,sKa)llk




Proof of Theorem 8
First notice that the equation (a-RIC) canm be rewritten as.

(A+BK,)'F + R(A+BK,) +K, 'K, +L'L=0 (a- RIC)

SO that
IT(x,W,5,Ka)|l. =(Trace(B,P,B1)) "
The fact that the norm [[T(x,w,s,KJ)||2 Is symmetric with respect to

a=1 follows directly (a-RIC) by inspection. Taking the derivative
with respect to a one obtains

F'X,+ X, F-21-a)L,'L,=0
where X, isthe derivate of P, with respect toa and
Fa:Aa'BZaBZaan, I—a:Ksub+PaBZ

Matrix F, is stable since P, isthe stabilizing solution of (a-RIC).
Hence, for the Lyapunov Lemmathe conclusion follows.



Example

0 1u é&u
X+ a ((w+u)

R

_él oy robustness DA = ga

"% oux*&

g = 0.75, ¢ = 0.8415, g=0.8

X =

DD D~

T
o
o O
(- Gy

K q=Kcer=[-0.6019 -0.7676]

a*=0.56, Kax=[-0.4981 -0.5424]

Performances with respect to W

/
/ /7//
/ /!
7:-:57’;// / Keen




Distur bance Feedforward

X=Ax+Bw+B,u
z=Cx+D,u
y=C,x+w

Same assumptions as Fl+stability of A-B,C;

C,=0 ® direct compensation
C.t O0® indirect compensation

_A-81C2 B, B, Yy u
P >
R
R(s) = 0o |0 I —» RO
| o) 0
L -G | O_ Ke () [—
‘7
Kbe

The proof of the DF theorem consist in verifying that the transfer function from w to z achieved by
the FI regulator for the system A,B1,B,,Ci, D12 is the same as the transfer function fromw to z
obtained by using the regulator Kpr shown inthe figure.



Output Estimation

P —v

K(s) <&

X =Ax+ Bw+ (B,u)

z=Cx+u
y =Cx+ Dyw
W

——>

Assumptions
(A,C,) detectable
D2:Dx1¢>0

(ArByy) stabilizable
(A-Bzcl) stable

P21(s)

Pll(S) L ) K(S) »T > 7

Ai=A-B; D21§DyDxn0 " C;
B = Bl(l 'D21¢(D21D21(D_1D21)



Solution of the
Output Estimation problem

THEOREM 9

There exists a feasible controllor (Filter) such that |[T(z,w,9)|x < g
If and only if there exists the stabilizing positive semidefinite
solution of the Riccati equation

C,'C
AP +PAL- (PC,'+B,D,")(DyD, ") *(C,P + DyB) +P —=P +B;B,'=0

2

C,'C
A- (PC,'+BD,')(DD,') "C,P ——— stable

2

As | Ly -BogPCd «—M l—

M= C. | 0 | EQJ

| Cx l¢ 0

Ay = A- PC2'(D21D21')-1C2 - BG
C, = (D21D21')-1C2

If = (D21D21')_l
L¥ = (P C2'+BlD21l)(D21D21 I)-1

Q(s) isaproper stable system satisfying [|Q(9)|lx < o



Proof of Theorem 9
It is enough to observe that the “transpose system”

| = Al +CV+C,n
m=B/'l +D,'n
J=B'l +V

Has the same structure as the system defining the DF problem.
Hence the solution is the “transpose” solution of the DF problem.
It is worth noticing that the solution depends on the particular
linear combination of the state that one wants to estimate.



Example

(60 1 0y

=6 .

¢ 1 1+V\HX el damping X = (1- W)/2
y:[l O]X+W2

Let consider six filters:

Filter K1: Kaman filter. The noises are assumed to be white
uncorrelated gaussian noises with identity intensities, namely
lel, W2:1.

Filter K2: Kaman filter. The noises are assumed to be white
uncorrelated gaussian noises with W,=1, W,=0.5.

Filter K3: Kaman filter. The noises are assumed to be white
uncorrelated gaussian noises with W,=0.5, W=1.

Filters H1,H2,H3: Hy filters with g=1.1, g=1.01, g=1.005 (notice
that with g=1 the stabilizing solution of the Riccati equation does
not exist).

Other techniques of Robust filtering are possible

Norm H, Norm Hy
\\\ 6
b I
1 e NN
0.8 \\\-& 1 %Eﬂ%—_
' s

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9



Partial |nformation

w Z
— -
u I Yy
—>
K(s) «—

X=Ax+Bw+B,u
z=Cx+Dp,u
y =C,x+D,w

Assumptions: FI + DF.

Theorem 10
There exists afeasible such that |[T(z,w,9)|ly < gif and only if

- There exists the stabilizing positive semidefinite solution of

AP+PA- (PG +GD)(0; D) (B P+DC) +P P+GIG =0

- There exists the stabilizing positive semidefinite solution of

AP +PA-(PC,+BD,)(D,D,) (CP +D,B) +P 2 2P +BB'=0

g

max | ;(PP) <g®




Structure of theregulator

Avin Bsin B 2fin

Si(s) = | Ry 0 (DD n™?

Cain (DaDn0™* 0

Asin = A- BZ(D12qD12)-lD12Cl' Bz(D12QD12)-152(P+9-ZB1qup+
+ (- g°P P) 'Ly (C+G°D»1B1P)

Busin = - (I-g"PP) 'Ly

Batin = (I- G°P P) (Ba+g °P C1D15) (D120 15)

Cofin = - (D21D219 (Co+g“D21B 1 P)



Comments

It is easy to check that the central controller (Q(s)=0) is described
by:

X = AX +Bu+Z,L, (Cx - y+D,w)+Bw*
u=F,Xx

This closely resembles the structure of the optimal H, controller.
Notice, however, that the well-known separation principle does

not hold for the presence of the worst disturbance w*=B,®x.

Proof of Theorem 10 (sketch)
Define the variablesr e g as.

W =r + §°B.®Px

g=u- KX

In thisway, the system becomes
x=(A+gBB/'P)x+Byr +B,u

g=-F,Xx+u
y =(C, +9"°D»B,")x + Dyw

This system has the same structure as the one of the OE problem.
Hence, the solution can be obtained from the solution of the OE

problem, by recognizing that the solution P, of the relevant

Riccati equation is related to the solutions P e P above in the
following way:

P.=P(l-g?*PP)*



Operatorial Approach

W Z

— P —>

u—» Yy
K PR

T(z,W,S) = Py () + P, (9(I - K(9Px(5)) 'K(S)Pos(9)
T (Z1W’ S) - Tl(S) - T2 (S)Q(S)TS (S)

The functions Ty, T,, T3 depend on a double coprime factorization
of P». The function Q(s) is the Youla-Kucera parameter (stable
and proper function).

- Inner-outer factorization and reduction of the problem to a
distance Nehari problem



Laurent and Hankel operators

Let F(S)T Ly . ThemapLg L, ® L, defined as
Le: G(s) ® LeG(s) =F(9)G(9)
is called the Laurent operator (with symbol F).

Consider G(9)1 L, and let G(s) =G4(S)+G4(S), with Gy(S) T H, and G4(S)
T Hy.ThemapP L,® H, defined as

Ps:G(s) ® P G(s) =Gg(9)
is called the stable projection.

Consider G(9)1 L, and let G(s) =G4(S)+G4(S), with Gy(S) T H, and G4(S)
T Hy .ThemapP L, ® H, defined as

Pa:G(s) ® P G(s) = G49)
is called the untistable projection.

Let F(S)T Ly. Themap G=: H, ® H, defined as
G : G(S) ® G=G(S) = P 4L G(s)

is called the Hankel operator (with symbol F).

Noticethat L rislinear and ||L ¢]|=||F(S)|]« so that isabounded operator. It isimmediate to check that
the projections Psand P, are indeed linear operators. The Hankel operator is the result of the
composition of the Laurent operator and the stable projection, i.e. G=P {L . Notice also that only
the stable part of F(S) contributes to G=G(s). Indeed, since G(s) since G(s)i H. it follows
GrG(8)=P sL iG(s)= P sH(s)G(s)= P [ (Fs(s)+Fa(s)) G(s)]= P sFs(s)G(8)=GrG(s)



The adjoint operators

The adjoint Laurent operator (with symbol F) is the adjoint operator
with symbol F, i.e.

L*r=Lg
The adjoint Hankel operator (with symbol F) is

Gr=PdL ¢

Laurent: Gy(s)l L, and Gx(s)l L, Then

(6,,L'1G,) = (L ;G,,G,) :%%race[Gl(- W) F (- jw)'G,(jw)]dw =

(G,.FG,)=(G, LG,

Hankel: H(s) T H, and G(s)i H, Recal that <a,b>=0if d H, and 0
H, . Then

(e.GH
(G,FH)

(GG,H)=(P FG,H)=(FG,H) =
(G,PFH)=(GP,L H)



Time-domain interpretation of the Hankel
operator

Let F(s)=C(sl-A)™'B, with A stable, (A,C) observable and (A,B) reachable.
Hence, the inverse Laplace transform of F(s) is

i O t£0
ft)=1i
© 1Ce"B t>0
Now, consider themap G : Lo(- ¥,0) ® L(0, +¥)
Defined by
] 0
T tEQ
G :u(t) ® Gu(t) = y(t):_( Cet

0
i g MBut)dt g
-¥

This operator maps past input to future outputs. Indeed, the past inputs (with x(- %¥)=0) contribute
to form the state x(0) from which the free output can be calculated. G is the time-domain
counterpart of Ge. G can be seen as the composition of two operators Y, (the observability
operator) and Y, (the reachability operator)

G =YY, Y,.L(-¥0®R" Y,:R"® L,(0,¥)
0

Y, u(t)® Y.u(t):=x= ¢g " Bu(t)dt
-¥

0 t<O

I
Y :X® Y x:=y(t) =g
° X =Yl 1Ce™x 130

The operator Y, is injective thanks to the observability of (A,C). Indeed, from Y, x=0 it follows
x=0.

Conversely, the operator Y/ is surjective thanks to the reachability of (A,B). Indeed, given any point
x of R it follows that Y,u(t)=x, where u(t)=0, for t>0 and u(t)=B&"%P,* for t£0, where R, is the
unique solution of the Lyapunov equation A®,+P,A+BB¢0



Time-domain interpretation of the adjoint
Hankel operator

The adjoint reachability and observability operators are as follows:

. . iBe”™x t£0
Y, : X® er:u(t):iBe X
i O t>0

¥
Yoyt ® Y, y(t)=x=¢g M Cly(t )dt
0
Therefore the adjoint Hankel operator in time-domainis

G :LI0¥)® L,(-¥,0

]' ' A"[¥\ At ~1 t£0
G e Gyn=up=|-° & YO
f f 1 0 0 t>0

Therank of Y, and Y, isn = McMillan degree of C(sl-A)'B. Moreover,
since Y, isinjectiveand Y, surjective, it turnsout that G (and G:) has rank

n. Therefore the self adjoint operatopr G £G: has rank n, so that it admits
eigenvalues.



Reachability and observability grammians

¥

Y.Y, =" BBe dt =P
0
¥

Y)Y, =cg''C'Ce™dt =P,
0

Notice that P and P, are the unique (positive definite) solutions of the
L yapunov equations:

AP+P,A¢BB¢=0

PoA+AMP,+CdC=0

The operator GG and the matrix PP, share the same nonzero
eigenvalues. To see this notice that G*;G = Y Y . Y.Y . =PP,

The Hankel norm of the system is

IG|=]G | =1 v (PP

Example:

F(s) = 5(s- 1)(32+ 5)(s- 3 _5. 225 2.5(33-25)
(stD)°(s- 7) s-7 (st}

Consider the stable part and take a minimal realization:

é0 1¢ é0C
A=g . . 4B=guC=[-125 75
&1 -2 &y
It results

_ 025 00 _ 6303125 78.125)

P =6 P =a = 1 (PP)=813827 |G| =9.0212
T80 o02s8" "&mizs saisd (0T |G



Formulae for the minimization problem via
the operatorial approach

All stable functions
P,(S) = N(9M *(5) = M *()N(s)

EX(9 - Y(8UM(s) Y(u_
& K(s) M(9@ENES X(9H

T,(S) = P1() + P, (9M (S)Y(9) P,y (S)
T,(S) = P,(SIM(s)
T,(S) = M(S)P,y(9)

k(9 =[X(9- QONE)| F(9- QoM



Scalar case

It is possible to perform an inner-outer factorization of T,=T,T3=T4 T4 SO
that, letting F=T, T, and X=T4Q we have:

IT.(9) - T,(8)Q)T:(9)[, =[Tu(S)- TL(5)Q(9)|, =
[T (9 - To(9QE), =[F(9)- X(3),

The problem isthen reduced to a Nehari problem.

Now, let
F(s)=F,(s)+F,(s)+D, F.(s)1 H,”, F.(s)1 H,
F.(s)=C(sl - A'B
AP+PA=BB, AQ+QA'=C'C
PQb=1__(PQ)b, c=[l . (PQ)]"'Pb
f(s)=B'(sl - A)*b, g(s)=C(sl - A)'c

Theorem 11

The function

| e (PQ)O(S)
f(s)

X°(s) = F(s) -
IS such that

IF(s)- X°(9)] =inf, g,

F(s)- X(9)



Proof of Theorem 11
From F(s) construct f(s), g(s) and | ma(PQ). Let be X°(s) be the optimal

solution and define h(s)=(F(s)-X°(s))f(s). Notice that h(s) T L., since F(s)-
X°(9) 1 Ly andf(s) T Hy. It follows:

Hh(s) ” G;~f(S)H§ =&(s)- G _f(s),h(s)- G _f(s)fi=
&n(s),h(s)ii+ &G _f(s),G _f (s)fi- 2&n(s),G _f (9)fi=
Now, taking into account that G ¢ f(s) T H, and X°f(s)] H,, it follows

&(s),G _f(9)ii=& [F(s) - X°(9)]f(9),C _f(9)fi=
& F(s)f(s),G _f(9)fi=&G _f(5),G _f(9)f

So that
Ih(s)- Gt (S)Hi = &n(s),h(s)fi- & _(s),G _f (9=
[F©)- XN TS - 1P| (S £

JF©- X O, - 1 (POYFOL;

The Nehari theorem says that the minimum of [|F(s)-X(s)|lyx is equal to
IG=~|IF! max(PQ) [the proof is omitted]. Hence, it follows ||F(S)-X°(S)]|l
| max(PQ) S0 that h(s)=G ~f(s). On the other hand, as it is easy to check,
G ~f(s)=g(s). Therefore,

X°(8) = F(s) - HGPH%



Chain Scattering Representation

(D> (D~
D
() eny ey
I
0p)

ed,
|f St IS invertibl e, then b12521'1(a2- Szzbz) and

7

Sy - 811521- 1822

She=Chain(S)aty Chain(§)=g 2 %
'ee'blu e (] e - S21 S22
A b2
' chain(S) '
b, a

- Algebra of chain scattering representation

(e} e ey



Homographic Trasfor mation

A bl
«— §
2] b,
| s ]

b,
+— Q —

aizFbL’ F :I—F(S; S):Sll+S]28(| - S228)-1821
F =HM(Q;9) =(Q;S+Q,)(Q,S+Q,)"

Y isJ-unitary

Y “(s)JY (s) =J,

5 , é  Ou
Y (s)=Y(-9), J:%) _Ig



The Standard Problem via chain-scattering
I epresentation

w Z

R = N <

U—»p P Yy
K “«—

We say that G(s) admits a J-unitary factorization if

G(5)=Q()L (8)

Where Q(s) is Junitary and L (s) is unimodular (stable with stable
inverse) .

Theoreml12
Assume that P has a chain scattering representation G=chain(P)
such that G is left invertible and does not have poles or zeros on

the imaginary axis. Then, the Hy problem is solvable if and only if
G has a J-unitary factorization G=QL. The controllers K can be
written as K=HM (L *;S) for each proper and stable S.

- J-spectral Factorization in control and filtering



A robust stability problem

We want to maximize ||d|}y (minimize ||gl). For the stability of the closed
loop it must be

(1) g stable
(2) gg stable
(3) (1+gq)g =stable

Hence, if p; are the unstable poles of g (assumed to be simple and with
Re(p))>0) q must be such that

(0) g minimum norm

(1) qgstable
(2) a(p)=0
(3) (1+go)(p)=0
L etting
~ S+ D
q" =ga=q0) "
P - S

it followsthat 9" must be such that

(0) g" minimim norm
(1) q" stable
2 q"(p)=-ag(p)



A smple example

where

S+2
(s+1(s- 1

Find k in such a way that ||d|}¢ is maximized.
Take

s+1
a=——

1-s
and find " stable of minimum norm such that such that
q"(1)=-ag™(1)=4/3. It follows q"=4/3 so that ||d|Jyma =3/4 and

K = q"  _ As+))
1+q"g (3s+*9)




In state-space
A:[O 1.1 0], B;L:[0,0], Bzz[o,l], C]_:[O O], D12:1, C2:[2 l], D21:1.

Stabilizing solution of:
A®P+PA-PB,B,P+PB1B,(P/of+C,4C,=0

Stabilizing solution of:
AQ+QAG PC,IC,Q+PC,(C,Q/ of+B1B1¢=0

r{(PQ)<¢f

P=[2 2;2 2], independently on g.
Q=[2/9 2/9;2/9 2/9], independently on g.

PQ=[8/9 8/9;8/9 8/9] whose eigenvalues are 0 and 16/9. Hence gyin=4/3
and [|d|ly max =3/4.

Central controller.

Let

F:-BZQP-D12GC1:-[2 2]
L:-QC2¢B]_D21¢:-[2 2] ¥3
Z=(1-QP/g)* =[1-8g%/9 -8G°/9:- 8¢°/9 1-8¢*/9]/x, x=(1-16G*/9)",x® 0

The central controller is:

_éA+B,F +g"°BB,'P+ZLC,+ZLD,B'P - ZLU
=é u
8 F 0@

whose transfer function is:

cen

- 8(s+1) _ - 8(s+)) ® - 4(s+1)

oo 6),414+10; 3’ 35+5
3x[sz+s(2+3—)+1+3_] 3xs? +6xs+6s+3x+10 S
X X

cen




Operatorial approach

& 1o s+2 n  s+2 _s-1
P(s) =g G0 9=——-=— n= >, M=——
SL g s-1 m (s+]) s+1

Bezout
-ny+nmx =1, :S+5/3, =-4/3
s+1
Model Matching
t = Py + PaMYP, = - 4/;5?' )
t, =1, :Z%i

| nner-outer factorization of t,=t,t3

_(s-°
(s+n?"

t4 = t4it40’ t4'

|:t4

Unstable part f, of =ty 't

A 5 BB 813
s-1 s-1 s-1

f =

Hence, X°=0, Q=0 and

K(s) _Yy_-4/3(s+]) _ 4(s+])
X s+5/3 3s+5
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SUMMARY

- Hy analisys

Hy norm. Small gain theorem. Algebraic and difference analysis Riccati
equation

Hy filtering (infinite horizon)

Sochastic filtering. Basic prediction problem. J-spectral factorization.
Duality. Krein spaces. Risk sensitivity.

Mixed H,/Hy filtering
Convex optimization. a procedure

Hy filtering (finite horizon)

Feasibility. Convergence. Gamma Switching

Conclusions



Hy NORM

x(t +1) = AX(t) + Bw(t)

2(t) = Cx(t) + Dw(1) G(z)=C(2 - A)'B+D

2
Gl 22y = | (G(eP )G(e P ) )= |yF||2_ [G(z)w(z);
IG(2l% = sp 1 nex(G(e™ )G(e 7)) = IR D

z- 0.5

G(2) =

Z +05z+07

a s 1 1.5 2 245 3 35
theta

If w(t) is a white noise, the norm represents the square-root of the peak
val ue of the spectrum of the output

For the frequency-domain definition it is enough to require that G(z) don’t have poles on the unit circle (L). It is easy
to reckognize that the Hy norm of a function in L, coicides with the norm of its stable part G(z) in the inner-outer
factorization G(2)=G,(2)G(2). The time-domain definition requires the external stability of the system. The symbol I»
indicates the set of the square-summable discrete-time funtionsin Z*. Noice that if w belongs to I> and the system is
asymptotically stable, the forced y g isinlo aswell.



SMALL GAIN THEOREM: robust stability

A(z)

M

G(z)

Let G(2) and D(z2) stable. Then the closed-loop system (D,G) is stable for
each ||[D(2)|¢ £ a iff ||G(2)|[¢<a™.

2 lye ”;
|G(2)fy = su

2 2 2 2 n N
L <g” ® |yg[y- 97wl; <0," wil,
2 2 2
Witz w;

Theorem 1
Let Abe stableand |G(2)], <g. Then,

suplyely - 07w = %' Po
where P 3 0 isthe stabilizing solution of the Riccati equation
P=APA+(A'PB+C'D)(g’l - D'D- B'PB) }{(A'PB+C'D)'+C'C
The worst disturbanceis
W, (1) = (g%l - D'D- B'PB) }(B'PA+ D'C)x(t)

Thefact that the Hy is bounded is equivalent to the existence of the stabilizing solution of the equation (see Theorem
2). The proof of the result directly follows from the equation by pre-multiplying it by x(t)' and post-multiplying it by
X(t), taking also into account the system equations and adding all quantities obtained from t=0 to t=3¢.



RICCATI EQUATION
FOR THE H¥ ANALISYS

Descriptor simplectic system:

h i

(}(Z'lj

1
¥
.

G(z)

Theorem 2

Aisstable and |G(2)||, < g iff thereexists Q3 0 satisfying

- (i)
Q= AQA'+BB'+(AQC '+BD')(g’l - DD'- CQC') }(AQC '+BD")'
. (ii) g%l - DD'-CQC'>0 feasibility

. (iii) A+(AQC'+BD')(g’l - DD'-CQC') 1C stability




Notes:

The Riccati equation (or its dual) is associated with the simplectic system written above and described by equations
below.

é - C'(g%l - DDYC U éA+C'(a?] - DD 'DB' 0u
g (@1-DD) € Htry=g*C @1 - DDY DB 04
9 A+BD'(g?l - DD')*C S -B(I-g?D'D)B I

For the existence of the stabilizing solution of the Riccati equation it is necessary that such a system does not have
characteristic values with unitary modulus.

From the equation it readily follows that:

o’l - G(2G(z*)'=Y (9)|g?l - DD-CQC)y (z1),
Y(@)=1-C - A (BD'+AQC")(g?l - DD'- CQC')"

This explains the fact that[92| - DD'- CQC'] must be positive. As will be clear from the proof, the theorem can be
formulated for the inequality
- Q+AQA'+( AQC' +BD" )( 92| -DD'-CQC' )" 1( AQC'+BD' Y £0

without the stability condition (iii).

Notice that as g® ¥ (the loop in the figure opens) the Riccati equation boils down to the Lyapunov equation
associated with the H, norm.

Proof of Theorem 2

Assume that there exists a solution Q of the Riccati equation. Such an equation can be transformed in the following
way (the computations are | eft to the reader):

92l - G(2)G(z Y)'= Y(z)[gzl - DD'- CQC']Y Y,

where

Y(z)=I- C(zl- A {BD +AQC X g% - DD-CQC) 1.

Hence, on the basis of the property gzl - DD'- CQC'>0 andinvertibiliy of Y (ejJ) we have that
g%l - G(eP)G(e j‘])‘=Y(ej‘])[gzl - DD'- CQC']Y(e' Fyso0, "3,

i.e. thethesis.

Vice-versaassume that |G (z)y || < g. We prove that the symplectic system

él - C'(g%l - DDY'C U éA+C'(a%] - DD 'DB' 0u
g (@71-DD)C Htagy=gh+C (@1 -DDY DB O,
& A+BD'(g’l - DD")'Cj & -B(I-g?D'D)B I

does not have characteristic values with unitary modulus. Indeed, assume, by contradiction, | issuch,i.e.



Ix-1C'(fl - DD') tcy=(A'+C'(fl - DD') 1DB")x
| (A+BD'(dfl- DD')" 'C)y=y- B(I- g2D'D)B'x

for acertain [x 'y"]'t 0 and define p=(cfI-DD')"}(DB'x+1 Cy). It results G(1-1)G(1)'=dfl, which isa contradiction unless
p=0. On the other hand, p=0 implies A'’x=1x, and, since A is stable, x=0. Finaly, p=0 and x=0 imply ( A-1)y=0 so
that y=0 ( Aisstable). Hence, x=0 and y=0 isa contradiction.

Since the symplectic system does not have characteristic values on the unit circle, there are n characteristic values
inside (possible in zero) and n outside (the reciprocals) the unit circle (possibly at infinity). Grouping the 2n-
dimensional vectors associated with the n characteristic values inside the unit circle, one can construct a matrix [X'
Y']', whoserangeis aln-dimensional subspace. It follows

é -C(g°l-DD')'C ue><uT _éA+C'(g®l - DD') 'DB' 0uXu

.e 1 2] _ n-1 l,'(' l,(' - e _ _ -2y ] EBY l,('

& A+BD'(g°l - DD')"CpeYa & - B(l-g°D'D)B" 1Y

where T is a matrix with eigenvalues inside the unit circle (stable matrix). Consider now the solutions of the system
r(t+1)=Tr(t), i.e. r(t)=Ttr(0) and left multiply by r(t) the two matrix equations above. Next, define p(t)=B'Xr(t) and
q(t)=CYr(t). It follows

p(t+1)=A'p(t)+C'vi(t), va(t)=B"p(t)+D'vq(t)
Aq(t+1)=q(t)- Bva(t), V1(t)=é(CQ(t+1)+DV2(t))
from which, passing to the Z-transform

G(2)'G(Z H)vi(2) = V1(2),G(Z 1) G(2)'va(2) = Pw (2).

From the assumption it is v;(t) =0, Vv,(t) =0, so that B'X =0 and C'Y=0. Hence, from the symplectic system it
follows A’ X=XT, AYT=Y. Assume that there exists avector d such that Xd=0 and take the minimal degrre polynomial
v(T) of T such that v(T)d=0. Such a polynomial can be written as v(T)=(l1-T)n@r). For the minimality of v(T) it
results N(iT)d* 0. Then, AYTd=1 AYd=Yd. Since | has modulus less than 1, I -1 has modulus greater than one so that
this equation contradicts the stability of A', unless Yd=0. On the other hand, thislast conclusion, together with Xd=0
contradicts the n-dimensionality of therange of [ X'Y']".



THE DIFFERENCE EQUATION

x(t+1)= Ax(t)+Bw(t)
y(t)=Cx(t)+ Dw(t)

Q(t+1) = AQ(t)A +( AQ(t)C +BD' X(g?l - DD - CQ(t)C ) {( AQ(t)C +BD' ) +BB
Q(0)=Q >0

Theorem 3
3= Ay(1) Y(1)- & dw(t) w(t)- PHOYG*x(0) <0, " (w(.),x(0))* O

iff thereexists Q(t)2 0 in [O,N] such that gzl - DD'- CQ(t)C >0



Proof of Theorem 3

Consider the cost.

_ N N

J(N)=Q z(t)' z(t)- g°Q Wt)' w(t) +X(N +1)' B, X(N +1)<0,x(0) =0, w(.) * 0
t=0 t=0

We proof the dual result: 3(N)< 0,x(0) =0," W(.) * O iff there exists the solution of the equation

P(t)= A P(t+1)A+

+(AP(t+1)B+C' D) fl - D'D- B P(t+1)B) {( A P(t+1)B+C' D) +C'C,
P(N+1)=Pys1>0

with g2| -D'D- BP(t+1)B>0, in [ON+1]. Sufficient condition: if there exists the solution with the indicated
properties, then pre-premultiplying the equation by x(t)' and post-multiplying by x(t), and summing al terms, it results

% z(t) z(t) - gzéN. w(t) w(t) + X(N +1)" Py, x(N +1)= x(0)' P(0) x(0) - éN. (w(t) - W(t)) (W(t) - W(t))

t=0 t=0
*)
where

#(t) =(g?l - D'D- B'P(t+1)B) (A P(t+1)B+C' D) x(t).

Hence , being x(0)=0 we have J (N)<0," w()) 1 0.

Vice-versa, assume that 3( N)<0," w(.) * O andtakew(.)=0in [0,N-1]. Being x(0)=0, with such a choice we have
0>W(N)'[- gZI+D'D+BPN+1B'}/v(N), "w(N)10

so that

- g2l +D'D +BPy,B'>0.

Furthermore, from

J(N)=J(N-1)- (w(N) - W(N))'(W(N) - ®(N)) <0," w() T [0,N]
it turns out taht

J(N-1)>0"w()T [o,N-1].

By iterating this reasoning we have

g°l- D'D- BP(t+1)B>0

in [O,N]. Theorem 3 is proven from (*) by noticing that

P(t)=Q(t) 'g”.



STOCHASTIC FILTERING

LX(t+D) = AX(E) + v, (1)
ozt =Lx()

Loy =Cx(t) +v, (1)

where v (1), v, (t) are zero-mean white gaussian noises . Moreover,

éev.(Hhu év, V,.u
uOn_8% Vb g
&,U)n e Vaoi

The problem is to find an estimate Z(t) in Hy of a linear combination
z(t) = Lx(t) of the state, i.e. one wants to find an estimator based on the

observations of {¥(i),i £t- N}) in such away that the maximum of the
output spectrum of the error e=z- 2 dueto [v,' v, is minimized (or
bounded from above by a certain positive scalar g).

L etting
ut) =- 2(t), e(t)=Lx(®)+u(t), yt)=V,"’y()

D=0 vzl’z], c=C
B=[(V,- \/12\/2_11\/12)1/2 VLV, He

and defining with w(t) a zero mean white gaussian noise with identity
covariance, it follows:



BASIC FILTERING PROBLEM

w
> e
u S y
R >
Foo<—

N

i X(t+1) = Ax(t) + Bw(t)

S:oe(t) =Lx)+ u(t)

£ y(t) =Cx()+Dw(t)

_ IRA+D=ARD +Boy(t- N)
1 u(t) =C.X(t)+D,y(t- N)

Basic problem: Find A-,B.,C.,D. such that

(SF) isasymptotically stable

el <0

If z(t)=Lx(t) isthevariableto be estimated and Z(t) the estimated variable, it follows U(t) = - 2(t) . Hence €(t)

represents the filtering error Z(t) = z(t) - Z(t) = e(t) . If w(t) isawhite noise, the problem is that of minimizing
the peak value of the error spectrum If w(t) isageneric signal inl,, the problem isthat of minimizing thel, “gain”
between the error and the disturbance.




SOLUTION OF THE FILTERING PROBLEM

DD'>0
| potesi: A = stable
(A B,C,D) does not have unstable invariant zeros

Theorem 4
There exists a filter F solving the basic problemiff $ Q3 0 solution of

A+DB éDD'+COC COL' {j ‘éCOA+DB{
i) Q= AQA+BB"- & QA ue Q , R ﬂ SCQ . ﬂ
é LQA (& LQC -9l +LQLYG & LOQA |

”) = gzl _ LQL.+ LQC.(DD|+CQC|)-1CQLl> 0 filter feasibility

ECQA+DBUEDD+CQC'  CQL' U éCu sabie
“I) A A- é 1 Lle 1 2 Iu e u
& LOA §d& LQC' -g’l+LQLY &Ly

CENTRAL FILTER

X (t +1) =AX(t) + F (y(t) - Cx(t)), F, =(AQC'+BD')(CQC'+DD')™*
Z(t) = Lx (t) + F,(y(t) - Cx(t)), F, =LQC'(CQC'+DD')™*

The assumption on the zeros is equivalent to the stabilizability of the pair
(A,B),A=A- BD'(DD")'C,B=B(I - D'(DD') "D). The assumption of stability of A can be weaked to

the assumption of detectability of (A,C) if oneisonly interested in the stability of the filter



NOTES

If G1 0, one obtains the central filter

X (t+1) = Ax(t) + F(y(t)- Cx(t))+Gu(t)
2(t) = Lx (t) + F,(y(t) - Cx(t))

As g® ¥ the H, filtering is obtained, where F, e F, depend on the
stabilizing solution of the standard Riccati equation:

Q= AQA'+BB'- (CQA'+DB'")'(DD'+CQC) }(CQA'+DB')

. Notice that in the H,, filter the solution depends on L, i.e. on the
particular linear combination of the state to be estimated. This is a

difference between H,, and Hy, design.
. The“gains’ F, and F, arerelated by:
F, =LK
F, =|A- BD'(DD')*C|K - BD'(DD")*

with
K =QC'(CQC+DD'")"*

In the uncorrelated case (DB'=0) these relations become
F, =LK, F=AK

Hence
X (t +1) = Ax(t) + AK[y(t) - Cx(t)]

F(t) = Lx(t) + LK [y(t) - Cx(t)]



BASIC ONE-STEP PREDICTION PROBLEM

Assume that we want to estimate z(t) = Lx(t) on the basis of the data
y(i),i£ t.

w y 4
> >
u S y
—> >
= < !

| X(t +1) = Ax(t) + Bw(t) +Gu(t)
S : e(t) =Lx()+ u(t)

L yt) =Cx() + Dw(t)

i X(t+2D) = AX(t) + Boy(t)

P -
Tout) =Cox(t)

Basic problem: Find Ap, Bp,Cp such that:

(SF) asymptotically stable
Mol <9

If z(t)=Lx(t) isthevariableto be estimated and Z(t) isthe estimated variable, then U(t) = - Z(t) sothat e(t)
represents the prediction error. .




SOLUTION OF THE ONE-STEP PREDICTION
PROBLEM

Assumption:

A =stable, DD'>0, (A, B, C, D) without unstable zeros

Theorem 5

There exists a one-step predictor P solving the problemiff $ Q30
satisfying

) O= AQA+BE- (CQA+DBUEDD+CQC  CQL' i éCQA+DBY

& LQA 8 LQc'  -gu+LQLl § Loa
i) gz| - LQL>0 predictor feasibility
€éCQA'+DB’ {1 éDD +CQC ' cQL' u_ eCu
|||)A A- a . gé , U é , Q sable
& LOA" §j& LQC -g’l+LQL'g & Lg

CENTRAL PREDICTOR

h(t+1) = Ah(t) + F(y(t) - Ch(t))
7(t) = Lh(t)

F; =( AQC' +BD' )(CQC'+DD' )t + A,QL'V™1LQC (CQC +DD' )t
Ay = A- (AQC' +BD' }(CQC +DD' ) 1C
V =g?l - LQL'+LQC (DD +CQC' ) tcqL

The assumption on the zeros is equivdent to the  sabilizability of the pair

(A,B),A=A- BD'(DD")"*C,B=B(l - D'(DD"') *D). The assumption of stability of A can be weakened
to that of detectability of (A,C), if oneisonly interested to the stability of the predictor.




NOTES

If G O, the so-called central predictor is obtained

m(t +1) = Ah(t) + F; (y(t) - Ch(t))+Gu(t)
Z(t) =Lh(t)

When g® ¥ theH, predictor isrecovered. Moreover, F; ® F,i.e.
the gain of the predictor and the gain of the filter coincide and depend
on the stabilizing solution of the standard Riccati equation:

Q= AQA'+BB'- (CQA'+DB')'(DD'+CQC) }(CQA'+DB")

. Noticethat the Hy predictor dependson L, i.e. on the particular linear
combination of the state to be estimated. Thisis a difference between
H,, and Hy, design.

- The*“gain” F; of the predictor and the “ gains’ F; and F, of thefilter
arerelated by:

F; =F +[A- FC]QLV 'R,

In the uncorrelated case (DB'=0) and under the assumption of reachability of (A,B), the Ricacti equation of
Theorem 3 can be rewritten in the following way:

, -1
Q= AgQ'l +C'(DD')*'C - iZL'LE A'+BB'
e g u

Feasibility condition for the predictor 92I - LQL'>0
Feasibility condition for thefilter Q Licc-u Lg'2 >0
Filter/Predictor

F,=AQ'+CC)'C,F,=L(Q'+C'C)!C,F,=AQ"+CC- iz L'L)C!
g



PREDICTOR VSFILTER

The Riccati equation is the same, but the feasibility conditions are
different

System for the prediction error

m(t +1) = (A- F,C)m(t) + (FsC- B)w(t)
e(t) = Lm(t)

feasibility (analysis) : g2l - LQL'>0
System for thefiltering error

h(t+1) =(A- FCh(t)+ (FD - B)w(t)
e(t) = (L- F,C)nh(t) + F,Dw(t)

feasibility (analysis) :
g2I - LQL'+LQC'(DD'+CQC')’1CQL'- (F, - F,)(DD'+CQC')(F, - F,)'>0

F, = LQC'(CQC'+DD")"*

1) At g fixed, the fesibility condition of the predictor is more stringent than that of the filter. They coincide as g
tendsto infinity, to witness the fact that the Kalman predictor and filter share the same existence conditions.

2) Assuming the existence of the stabilizing solution of the Riccati equation satisfying the feasibility condition, the
sufficient part of Theorem 3 is proved from the analysis result. Indeed, the analysis Riccati equation coincides
with the synthesisRiccati equation once the gains Fq, F, (for the filter) or F5 (for the predictor) are substituted

there.



Proof of Theorem 4/5

For simplicity we study the case where DB'=0, DD'=I, (A,B) reachable. Moreover, we limit the proof to filters
(predictors) in observer form. This is a restriction, but the analysis of all filters (predictors) ensuring the norm
bounded is far from being trivial and is not within our scope. Notice that if F;=AK e F,=LK are the characteristic
gains of ageneric filter, the transfer function from the disturbance to the error is

Tey=(L-LKC)(zI-A+AKC) L(AKD-B)+LKD

So that the analysisRiccati equation is

Q=A(X1-L'Lg?)ytAa+BB, X=(I-KC)Q(I- KC) +KK' 1)
with the feasibility condition

ofl- LXL'>0 2
and asymptotic stability of

A(l- KC)+AXL' (fl - LXL' Y Y(1- KC) L' 3)

On the other hand, if F3 isthe gain of ageneric one-step predictor, the transfer function is

Tey~L(2zI-A+F;C) 1(F3D-B),

and then the analysisRiccati equationis:

Q=AQ'+CC-L'Lg?) '+ BB'+(F, - AYC'(I +CYC) H)(I + CYC)(F, - AYC(l +CYC")1)

Y=Q'-L'g?)

(4)
with the feasibility condition
ofl- LQL'>0 ()
and asymptotic stability of
A- F3C+( A+ FC)QL' (1 - LQL' y I )

Now, assume that there exists @ 0 satisfying Q=A[Q 1+C'C-L'Lg?]'1+BB’, and such that Q1+C'C-L'Lg2>0 and
AQ1+C'C-L'Lg?) 1 Qlstable. Takethefilter characterized by Fj=AK, F,=LK, with K=(Q1+C'Cy1C'. From (1) it
results X=(Q"1+C'C)"1 and hence

Q=AXA+BB +AXL' (cfl - LXL' Y1LXA=A(X - L' Lg?ytA+BB=A(Q1+CC- L' Lg?)tA +BB

Therefore, the analysis Riccati equation admits a positive semidefinite  solution  with
fl- LXL'=df1 - LQL' LQC' (1 +CQC' ) tcqL' >0,

so that the feasibility condition is satisfied. Also the stability condition (3) is satisfied.

Hencethenormislessthang

Assume now that there exists @0 satisfying Q=A[Q1+C'C-L'Lg?]"1+BB', and such that Q1-L'Lg2>0 and A(Q"
Licc-L'Lgd)l Q1 stable. Take a predictor defined by F3=A(Q1+C'C-L'Lg?)1C. From (4) it results that
Fa=AYC'(I+CYC)1 and hence Q=AYA'+BB-AYC'(I+CYC)-ICYA'=A(Q1+C'C-L'Lg?)IA'+BB". The andysis
Riccati equation admits a positive semidefinite solution and Q1-L'Lg2>0 coincides with the feasibility condition

(5) for the predictor. Also the stability condition (6) is satisfied:
Hencethenormislessthang

Vice-versa, assume that there exists afilter such that the norm islessthan g Then, there exists Q solving (1)-(3). On
the other hand, X=(Q 1+C'C) 1+(K-(Q 1+C'C)1C)(1+CQC)(K-(Q 1+C'C)1C)3 (@1+C'C) ! and hence X lEQ 1+CC
implies that Q solves the inequality Q3 A(Q 1'+C'C-L'Lg?)1A’+BB' whereas ?1-LXL'>0 with X>0 implies that
Ql+C'C-L'Lg?>0. The existence of Q solving Q=A(Q1+C'C-L'Lg?)1A+BB' with Q1A'+C'C-L'Lg2>0 and
satisfying the stability condition follows form standard monotonicity results of the solutions of the Riccati equation.

Finally, assume that there exists a predictor such that the norm is less than Then, there exists Q solving (4)-(6).
Hence Q@A(QlA+CC-L'Lg?)1A+BB" with ¢?I-LQL™>0 The existence of Q solving Q=A(Q lA'+C'C-L'Lg?2)
IA+BB' with ?I-LQL">0 and satisfying the stability condition follows form standard monotonicity results of the
solutions of the Riccati equation



J-SPECTRAL FACTORIZATION

The Riccati equation underlying the problem solution can be compactly
written as:

Q= AQA+BB*- [AQC+BD] R+ CQC| Y[Coa+DB]

c_&us_&u,_ebD 0 u

-e - e - e

dlg  &f &0 -g2g

Let define

H,(2=D+C(2 - A''B éH, (20 Ou g 0 U
. H(2) =a g J=e 21

H,(2)=L(d - A)'B &H,(2 1o~ ® -9

Theorem 6

Assume that A is stable. There exists a stable filter F(z) such that
H,(2)-F(2)H1(2) is stable and

H,(2)- F(2)H,(2) stable
[H.(2)- F(29H,(2), <9

if and only if there exists a square W(z), stable with stable inverse, with
stable [Wz) ]2, solving the factorization problem

H(2)JH(z")'=W2)IWMz")

All feasible filters can be parametrized in the following way:

F(2) = (W,(2) - W, (DU (D)W, (D) - W, (U (2) U (DT Hy, U(2)], <9



Notes:

From z=H,(2w, y=H, (2w, 2= F(2)y,itresults z- 2= (H,(2) - F(2)H, (2))w and then the
filtering problem can be equivalently rewritten as a model matching problem.

Proof of Theorem 6

Assume that the exists afeasible filter. We limit ourselves to the case where thefilter isin the observer form. From

Theorem 4 we know that the exists a positive semidefinite solution Q of the Riccati equation. Moreover, such a
solution isstabilizing and feasible. It is a matter of cumbersome computations to show that

é (DD'+CQC')"2 0

u
W(2) =[I +C(2d - A (BD+AQC")(R+CQC")* gLQC'(DD'+CQC')'”2 évuzg
3 A

u
V =g?l - LQL+LQC'(DD'+CQC")CQL"

isaJ-spectral factor. The stability of W(z) follows from stability of A. Stability of W(z)™* and [W(2) }].1 follows from
Q being a stabilizing solution. Existence of VY2follows from the feasi bility condition.

Vice-versa, assume that W(z) with the given properties exists and take the formula defining all filters F(z). It follows

; ; -1 ;
[F2) - 1]=-W,(2)- W, @OW, (2 "W, )1 - U (W, (2" W, ) U @) 1w (*)
Noticethat, thanks to the small gain theorem,

(- URW,(2) W, (2))*

is stable. Indeed, U(2) is stable and [|U(2)ll<g and [Wa1(2) 'W(2)21]| <g* since Wi1(2) Waa(2)™ -G Wha(2) Waa(2)
H1(2)H1(z) >0 on the unit circle. Hence, stability of F(z) follows form (*).

F(oH,-H,@=[F(@ -1H@=
(W, (2) - W, @We(2) "W D)1 - U (W (2 W, () U2 1MW H (@)

so that F(2)H1(2)-Ha(2) is stable. Finally,

~

(FQH,(2)- H()IF@H,@- H,@) =[F@ - 1H@QMH@D & ) 4=
e - u
F@ - W g ? = FOW@- W@ @ - g IIF@W.2- W)
e - u

so that the norm of F(z)H;(z)-H2(z) islessthang



DUALITY"

The prediction problem is dual with respect to the full-state control
problem (x is measurable).

The filtering problem is dual with respect to the full-information
control problem (x and w are measurable).

I X(t +1)=Ax(t) + Bw(t) +
Sit e(t) =Lx(t)+ u(t)

OE
1 y(t) =Cx(t)+Dw(t)
L IX(E+D=AX(t)+ L'e(t) + Cy(t)
SR —R'y 'O FI-SF
T W(t) =B'x(t)+D'y(t)
Theorem 7

y(t) =- KX(t) - K,&(t) stabilizes Sy and [Tuell, <9 iff

x(t+1) = Ax(t) + Kq'(y(t) - Cx(t))
- u(t) = Lx(t) + Ky'(y(t) - Cx(t))

stabilizes Sand |Tg,|, <0.

Noticethat if K, is zero (state-feedback), the filter isindeed a predictor. The proof of Theorem 7 isimmediate. It

is enough to verify that for any K, and K, it results T, =T . '. Actually, an extended version of this result
allowsto link any full-information controller K(z) for system S;' to afilter F(z) for system S.



KREIN SPACES

The filtering (prediction) problem can be interpreted as a Kalman
filtering (prediction) problem in the Krein space (instead of Hilbert

space).

| X(t+ D)= AX(E) + v, (t)
[ oz(t) =Lx()

Loy =Cx(t) +v,(t)

with

&\ 4 ~\ \ éBBI BD' O L\J
~ eV, U a ’
C=&G Eé 'gw vli=épB DD o0 U
éLH gg\/zu ' a S 7

g0 0 -g’lf



RISK SENSITIVITY

X(t+1) = AX (t) + v (1)
y(t) = Cx(t) +vy(t)

wher e the noises are white gaussian noises with zero mean.

The problem of the risk sensitive filter isto minimize

é & ge-Ljay)- 2] ool
minmJ ) = miné EIogéE e 2h| -t ]:‘u
y)é J

o)
The parameter q isthe risk parameter

g=0 risk-neutral Kaman
g>0 risk-seeking modified Kalman
g<O risk-adverse  Hy

The solution of the problem with g<0 coincides with the solution of the
Hy filter with g?2=-q-1.




MIXED Ho/Hy FILTERING

It makes sense to distinguish between two classes of disturbances:
those whose statistics is known and those which are only requested to
be bounded. For instance, in general, the spectral characteristics of the
transducer errors are known whereas those related to modelling errors
are unknown. Consequently, we can write a mixed filtering problem
associated to avariable z(t):

x(t +1) = Ax(t) + Bw(t) = Ax(t) + Bywy (t) + Bows (1)
z(t) = Lx(t)
y(t) =Cx(t) + Dw(t) = Cx(t) + Dywy (t) + Dowi(t)

e(t) = z(t) - 2(t)
Mixed Problem

Find a filter solving:

infﬂ

The solution to this problemisnontrivial if g< HTe,\Nz( Kal man)H¥.

T...(F), £9}

Te,Wl(F)stt.

Up to now there not exist a closed-form solution. It can be proven that
the optimal mixed solution Fe ison the“ boundary” , i.e. such that

HTe’WZ( F® )H¥ ~9

Obvioudly, the mixed problem makes sense since there exist an infinite number of filters F (a parametrized family)
suchthat |[T,, (F)H¥ £g




OBSERVATIONS

The gain F3 of the predictor ensuring the norm less than g can be
parametrized in the following way: F3:W1'1W2, where (W ,W,)
satisfyies an elliptic equation.

Convex Optimization
: _ ) 2 _eW, Wi
min tr(XW) 3 min HTe\,\,(\/\/l W, )Hz’ W = S/Vi V\ZH

where X depends from the data. If w,=w,, then one obtains the

central predictor. In this way one simply minimizes an upper bound
of thereal cost. The solution may be too conservative.

Sear ch for boundary values
The boundary values are (norm equal to g) on the tangent sets between
the elipsoid and the planes passing through the origin.

\4




a - PROCEDURE

We can parametrize with a scalar variable a family of predictor
(defined by the only gain K) which ensure the norm less than g with
minimal two norm.

|dea

e (Kl

e

g T,

K(a)=(1- a)K, +a[AQ(a)C' +BD'[CQ(a)C'+DD') ™

Q=AQA +BB'- (2a- a?)(AQC +BD )(CQC +DD' ) }(AQC +BD')

A=A- K., B=B- KD
where K. issuch that ||Tan (K|l ¥ <9

Theorem 8

Assume that (A,C) detectable and (A, B,C,D) without unstable
zeros. Then there always exists Q(a)30, " a1 [0 2] with A-K(a)C
stable. The norm |[Tey(K(a))||> isnondecreasing, " a1 [0 1]. There
exists a*1 [0 2] such that |[Tey(K(a*))|lk=9 and |[[Ten(K(@))|2 is
minimized.

We need to compute the value of closer to one and such that || Tg,(K(a*))[ly =g (search)



FINITE HORIZON

i X(t +1) = Ax(t) + Bw(t)

St z(t) =Lx(t)

1 y(t) =Cx(t)+Dw(t)

Finite horizon problemin [1,T]:

Find a linear causal filter based on su y(1),y(2),---,y(t) ,t£T
providing an estimate z(t) guaranteeing a level of attenuation g>0,
i.e. suchthat J. <0 for each [w(¥ (x(0)- %)]* 0, where

J=al20- 20 - gzzeé W)+ (x(0) - %)Y (x(0) - &)ﬁ
t=1 =0

Simplifying assumptions:

DB'=0, DD'=I

Theorem 9

Afilter guaranteeing an attenuation level gexistsiff there exist two
positive definite matrices Q, S such that

Q(t+1)= AS(t) 1A+BB
S(t+1)=Q(t+1)yt+CccC-LL/g? , S0)=Y

The vector f(o isan a-priori estimate of X, and R>0 isaweighting matrix (it playes the role played by the
initial covariance matrix in the Kalman filter design). Putting the two equations together we get the difference

e 12T L are Ay, pp
Riccati equation: Q(t+1):A{Q(t) +CC-LL/g] +BB' ,withQ(1)=AYy "“A+BB'.




SOLUTION OF THE FINITE HORIZON
PROBLEM

h(t+1) = Ah(t) + K (t +D[y(t +1) - CAh(t)]
2(t) = Lh(t)

The gain is given by:

K(t)=Q)C[I +cQ(u)c]
where Q(t) isthe solution of the difference Riccati equation
QUESTIONS

Under which conditionsit is possible to guarantee the existence of the
time-varying filter for an arbitrarily long interval ?

Under which conditionsit is possible to guarantee the conver gence for
t® ¥ tothe Hy filter?

Thetime-varying filter can be written as

X (t+1) = Ax(t) + AK (O] y(t) - Cx(1)]
3(t) = Lx (t) + LK (t) [ y(t) - Cx(1)]

Thegains Fy(t) = AK(t), F»(t) = LK(t) havethe same structure asin the stationary case (uncorrelated noises).



FEASIBILITY AND CONVERGENCE

1) A invertible

2) There exists the stabilizing solution Qg of
Q=AQ*+CRC[ A+BB
3) The pair (A,B) isreachable

Thanks to these assumptions, there exists the unique (positive
semidefinite) solution of the Lyapunov equation

v =|q+CRC| AvAQ + R [C'(R+CQC)1CE|

Theorem 10
(i) The solution Q(t) of the difference Riccati equation is feasible, "
t>0, if, for somee:

~ ~ = ~ -1
0<Q<Q,+{v- [E(r+CQE)*E] ] +el]
(if) The solution Q(t) of the difference Riccati equation is feasible and
convergesto the stabilizing solution Qg if

()<Q(1)<QS+|:Y+eI]'1

It is possible to see that the conditions introduced in the theorem are also necessary in two significant cases: L=0
(g®¥) and C=0. In the first case Y=0 and therefore one recovers the condition of convergence for the Kalman
filter (Q(21)>0), whereas, in the second case the condition of convergenceis equivaent to

S(1) = Q(1)+C'C- L'Lg?>S,,

where S, isthe antistabilizing solution of

S=(ASIA+BB')+C'C-L'Lg?



¢ SWITCHING

If Q(1) is"too large", nothing can be said on the convergence of
Q(t,g5) towards the stabilizing solution Qg(g) associated with a given

value of g=g.

The convergence conditionis: 0<Q(1)<Qs(g)+[Y(g)+el] o
Theorem 11

(i) The solution Y (g) of the Lyapunov equation goes to zero for g® ¥
(ii) The stabilizingsolution Qg(g) of the Riccati equation increasesasg
Increases

Thanks to point (i) of the theorem, if Q(1) does not satisfy the
convergence condition, one can find a value of g=g¢;> g5 such that the
convergence condition is satisfied for g=g;. The solution of the Riccati
equation with g=g; converges to Qg(g;). On the other hand, thanks to
point (ii) ot the theorem, one can say that

Qs(G)£ Qs(0)< Qs(G)+(Y (gy)-1+el)-1

So that e>0 and te>0 are such that
Q(te,g1)< Qs(g)+(Y (gg)-1+el)-L.

Finally, imposing

i0,, LEt<t,
gy =i,
19s» t te

the solution Q(t,g(t)) tendsa Q4(gs) ast® ¥.

The g-switching strategy modifies the cost:

~ 3 lre-fo|? s . . U

Jp=é—" - " - aa WO)|” + (x(0) - %)Y (X(0) - %)y
t=1 g-(t) €t-0 u



EXAMPLE

A=0.5,B=[10], C=3,D=[01], L=2, T=1/12

1

=0.2
Qt+1) 5Q(t)'1+9-4g'2+

1, Q1)=4

Feasibility condition

2
g
A<, 5

Algebraic Riccati equation

Q=0.25 ! +1 ® thereexistse Q(g) for g> 0.6576

Q-1+9_ 49-2

Choice: g=0.66
Hence, Q4(g9)=1.5318 isthe stabilizing solution

Q(1) <5.4724 feasibility condition
Q(1)<3.572 convergence condition

Integrating the equation with g=gs it results Q(t )=4, 4.7167, 9.5394, -
2.2089, 0.6066, ..... and then the feasibility is lost after three steps.
Taking g in such away that 4<Qg(gs)+Y -1(g;). For example g; close

to gs satisfying thisinequality is ¢y =0.661. Integrating the equation
with g=gy it results Q(t )=4, 3.63, 3.07, ... Snce Q(3)<3.572, it is
possible to impose g=g in the equation at time t=3 so that the solution
solution convergesto Qg(gs).
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